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Abstract
Both the supersymmetric SO(32) and E8 × E8 heterotic strings in ten di-
mensions have known strong-coupling duals. However, it has not been known
whether there also exist strong-coupling duals for the non-supersymmetric het-
erotic strings in ten dimensions. In this paper, we construct explicit open-string
duals for the circle-compactifications of several of these non-supersymmetric
theories, among them the tachyon-free SO(16) × SO(16) string. Our method
involves the construction of heterotic and open-string interpolating models that
continuously connect non-supersymmetric strings to supersymmetric strings.
We find that our non-supersymmetric dual theories have exactly the same
massless spectra as their heterotic counterparts within a certain range of our
interpolations. We also develop a novel method for analyzing the solitons of
non-supersymmetric open-string theories, and find that the solitons of our dual
theories also agree with their heterotic counterparts. These are therefore the
first known examples of strong/weak coupling duality relations between non-
supersymmetric, tachyon-free string theories. Finally, the existence of these
strong-coupling duals allows us to examine the non-perturbative stability of
these strings, and we propose a phase diagram for the behavior of these strings
as a function of coupling and radius.
∗ E-mail address: julie@sns.ias.edu
† E-mail address: dienes@sns.ias.edu
1 Introduction and Overview
1.1 Why find duals of non-supersymmetric strings?
During the past several years, significant advances have taken place in our un-
derstanding of the strong-coupling behavior of string theory. Perhaps the biggest
surprise was the fundamental conjecture that the strong-coupling behavior of cer-
tain string theories can be described as the weak-coupling behavior of corresponding
“dual” theories which, in many cases, are also string theories. This observation makes
it possible to address numerous non-perturbative questions which have, until now,
been beyond reach.
Among these dualities, those describing the strong-coupling behavior of the su-
persymmetric ten-dimensional heterotic string theories play a central role. In ten
dimensions, there are only two supersymmetric heterotic string theories: these are
the SO(32) theory, and the E8 × E8 theory. As is well-known, the SO(32) heterotic
theory is believed to be dual to the SO(32) Type I theory [1, 2], and the E8 × E8
theory is believed to be dual to a theory whose low-energy limit is eleven-dimensional
supergravity [3]. Given this information, much has been learned about the strong-
coupling behavior of supersymmetric heterotic strings.
There are, however, additional heterotic string theories in ten dimensions. These
strings are non-supersymmetric, and while the majority of them are tachyonic, one of
them is tachyon-free. The question then arises: does this tachyon-free string have a
dual theory as well? More generally, one can even ask whether the tachyonic heterotic
strings might have duals.
There are numerous reasons why this is an important issue. One fundamental
reason, of course, is to shed light on the structure of string duality itself. Is duality
a property of supersymmetry or of supersymmetric string theory, or is it, more gen-
erally, a property of string theory independently of supersymmetry? Knowing the
answer to this question might tell us the extent to which we expect these duality
relations to survive supersymmetry breaking.
Another fundamental reason is perhaps the most obvious: to give possible insight
into the strong-coupling non-perturbative behavior of non-supersymmetric strings.
In some sense, these strings are much harder to analyze, yet their phenomenology,
freed from the tight constraints of supersymmetry, might be far richer. Indeed,
one might even imagine that our non-supersymmetric world is described by a non-
supersymmetric string theory in which spacetime supersymmetry is broken by an ana-
logue of the Scherk-Schwarz mechanism [4] and in which various unexpected stringy
effects maintain finiteness, stabilize the gauge hierarchy, and even ensure success-
ful gauge-coupling unification. Various proposals in this direction can be found in
Refs. [5, 6, 7, 8, 9, 10]. However, because they have non-vanishing one-loop cosmolog-
ical constants, these string theories are not believed to be stable, and are presumed
to flow to other points in moduli space at which stability is restored. Unfortunately,
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an analysis of this question has been beyond reach because the non-perturbative
properties of these string theories have been, until now, unknown.
Finally, one might even imagine that such studies could yield a new method of
supersymmetry breaking. Indeed, if the duals of non-supersymmetric strings were
somehow found to be supersymmetric, then, viewing the duality relation in reverse,
one would have found a supersymmetric string theory which manages to break su-
persymmetry at strong coupling.
What are the non-supersymmetric ten-dimensional heterotic string models? Like
their supersymmetric SO(32) and E8 × E8 counterparts, there are only a limited
number of such non-supersymmetric heterotic strings. These have been classified
[11], and are as follows:
• a tachyon-free SO(16)× SO(16) model [12, 13];
• a tachyonic SO(32) model [13, 14];
• a tachyonic SO(8)× SO(24) model [13];
• a tachyonic U(16) model [13];
• a tachyonic SO(16)×E8 model [13, 14];
• a tachyonic (E7)2 × SU(2)2 model [13]; and
• a tachyonic E8 model [11].
In all but the last case, the gauge symmetries are realized at affine level one. In
Fig. 1, we show how these seven models are related to the supersymmetric SO(32) and
E8 × E8 models through ZZ2 orbifold relations that break spacetime supersymmetry.
In this paper, we shall undertake the task of deriving strong-coupling duals for
some of these non-supersymmetric theories. Throughout, we shall primarily concen-
trate on the case of the non-supersymmetric SO(16)× SO(16) string. Since this is
the unique non-supersymmetric heterotic string which is tachyon-free, it may be ex-
pected to have special strong-coupling properties. Indeed, as is evident from Fig. 1,
this string occupies a rather special, central position among the non-supersymmetric
string theories, and thus its dual theory can be expected to do so as well.
After completing our analysis for the SO(16)×SO(16) case, we will then apply our
techniques to some of the other non-supersymmetric ten-dimensional heterotic mod-
els listed above. Even though these models are tachyonic, we shall nevertheless find
that a similar analysis can be performed, and that suitable duals can be constructed.
However, our analysis will show that these tachyonic strings have a completely differ-
ent stability behavior at strong coupling. Our results for these strings will therefore
serve to underline the unique role of the tachyon-free SO(16)× SO(16) string.
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Figure 1: The relation between the seven non-supersymmetric heterotic string models in
ten dimensions and the supersymmetric SO(32) and E8 × E8 string models. Each arrow
indicates a ZZ2 orbifold relation that breaks spacetime supersymmetry. Only the tachyon-
free SO(16) × SO(16) string can be realized as a ZZ2 orbifold of both the supersymmetric
SO(32) string and the E8 × E8 string.
1.2 Our approach
Of course, finding the duals of non-supersymmetric strings is not a simple un-
dertaking, for many of the techniques that have been exploited in finding evidence
for supersymmetric duality relations no longer apply when supersymmetry is ab-
sent. For example, there do not a priori exist any special non-supersymmetric string
states (the analogues of BPS-saturated states) whose masses are protected against
strong-coupling effects. Likewise, upon compactification, the moduli spaces of non-
supersymmetric strings are not nearly as well understood as their supersymmetric
counterparts.
One natural idea for deriving duals of the non-supersymmetric theories might
be to start with the duals of the supersymmetric SO(32) or E8 × E8 theories, and
then to duplicate the action of the appropriate ZZ2 orbifolds on these dual theories.
Unfortunately, since these orbifolds break supersymmetry, they need not necessar-
ily commute with strong/weak coupling duality. This issue has been discussed in
Ref. [15]. Indeed, in some sense, the fundamental problem associated with this ap-
proach is that orbifold relations are discrete: one is dealing either with the original
theory or with the orbifolded final theory. One cannot examine how, and where, the
duality relation might begin to go wrong in passing between the original and final
theories.
Therefore, in order to derive strong-coupling duals of these non-supersymmetric
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strings, our approach will be to relate the non-supersymmetric heterotic strings to the
supersymmetric heterotic strings via continuous deformations. Since the duals for
the supersymmetric theories are known, it is then hoped that one can continuously
deform both sides of such supersymmetric duality relations in order to obtain non-
supersymmetric duality relations. Moreover, if the duality relation were to fail to
commute with such a continuous deformation, we would expect to see explicitly how
and at what point this failure arises as a function of the deformation parameter.
While such continuous deformations do not exist in ten dimensions, it turns out
that such deformations can indeed be performed in nine dimensions. Specifically, we
shall show that it is possible to construct nine-dimensional interpolating models by
compactifying ten-dimensional models on a circle of radius R with a twist in such a
way that a given interpolating model reproduces a ten-dimensional supersymmetric
model as R→∞ and a ten-dimensional non-supersymmetric model as R→ 0. Such
interpolating models are similar to those considered a decade ago in Refs. [16, 17, 18].
For example, one of the nine-dimensional interpolating models that we shall construct
reproduces the supersymmetric SO(32) heterotic string model as R→∞, but yields
the SO(16) × SO(16) model as R → 0. Thus, since the strong-coupling dual of
the heterotic SO(32) string model is believed to be the SO(32) Type I model, it
is natural to expect that there will be a corresponding nine-dimensional continuous
deformation of the SO(32) Type I model which would produce a candidate dual for
the heterotic SO(16)× SO(16) model.
In order to analyze the potential continuous deformations of Type I models,∗ it
turns out to be easier to analyze the continuous deformations of the closed Type II
models from which they are realized as orientifolds. Specifically, in the case of the
SO(32) Type I model, we would seek a continuous nine-dimensional deformation of
the Type IIB model. As we shall see, there indeed exists an analogous deformation of
the Type IIB model which breaks supersymmetry. This deformation is described by
a nine-dimensional Type II interpolating model which connects the Type IIB model
at R → ∞ with the non-supersymmetric so-called Type 0B model at R → 0. This
situation is illustrated in Fig. 2.
At first glance, the question would then appear to simply boil down to deter-
mining the orientifold of the Type 0B model that is produced at R → 0. In fact,
all possible orientifolds of the Type 0B model have been derived [19]: the resulting
non-supersymmetric Type I models are found to have gauge groups of total rank 32
rather than 16, and (except in one case) have tachyons in their spectra. Unfortu-
nately, while these Type I theories are interesting (and one of them has recently been
conjectured [20] to be the strong-coupling dual of the bosonic string compactified to
∗ Throughout this paper, we shall use the phrase “Type I” to indicate the general class of open-
string theories, regardless of whether they have spacetime supersymmetry. Similarly, we shall use
the phrase “Type II” to signify closed strings with left- and right-moving worldsheet supersymmetry,
regardless of whether they have spacetime supersymmetry. These terms will therefore be used in
the same way as the general term “heterotic”.
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Figure 2: Proposed method for deriving the dual of the heterotic SO(16) × SO(16) string
model through continuous deformations away from the supersymmetric SO(32) string
model. Analogous deformations exist on both the heterotic and the Type II sides, from
which corresponding Type I deformations can be obtained through orientifolding.
ten dimensions), their large rank precludes their identification as the duals of the
non-supersymmetric heterotic strings.†
We shall therefore follow a slightly different course. Rather than take the limit
R→ 0 before orientifolding, we shall perform our orientifold directly in nine dimen-
sions, at arbitrary radius. This will then yield a set of “interpolating” Type I models
directly in nine dimensions, formulated at arbitrary radius R.
As we shall show, these non-supersymmetric nine-dimensional interpolating
Type I models can be viewed as the strong-coupling duals of our non-supersymmetric
nine-dimensional interpolating heterotic models. Specifically, for certain ranges of the
radius R, we shall find that
• both the heterotic and Type I interpolating models are non-supersymmetric
and tachyon-free;
• their massless spectra coincide exactly; and
• the D1-brane soliton of the non-supersymmetric Type I theory yields the world-
sheet theory of the corresponding non-supersymmetric heterotic string.
Moreover, because of the nature of these interpolating models,
• we can smoothly take the limit as R → ∞ in order to reproduce the known
supersymmetric SO(32) heterotic/Type I duality.
† Possible dualities for similar tachyonic theories have also been discussed in Ref. [21]. Of course,
in our case we should actually be considering the T -dual of the Type 0B theory, which is the Type 0A
theory. However, the orientifold of the Type 0A theory is also a tachyonic theory.
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Taken together, then, this provides strong evidence for the dual relation between
these non-supersymmetric string models.
As it turns out, taking the opposite limit as R→ 0 involves some subtleties, and
we do not expect our duality relations to be valid in that limit. Thus, we have not
found a strong-coupling dual for the ten-dimensional SO(16)×SO(16) string; rather,
we have found a strong-coupling dual for the (T -dual of the) twisted compactification
of this string on a circle of radius R, valid only for R taking values within a certain
range. A similar situation holds for each of the other non-supersymmetric strings we
will be discussing.
As far as we are aware, our results imply the first known duality relations between
non-supersymmetric, tachyon-free theories. Furthermore, as we shall see, our deriva-
tion of the Type I soliton is rather involved. In some respects, the standard derivation
[22, 2] of the Type I soliton in the supersymmetric SO(32) case is facilitated by the
fact that the heterotic SO(32) theory factorizes into separate left- and right-moving
components. This crucial property is true of all supersymmetric string theories in ten
dimensions, and makes it relatively straightforward to realize such heterotic theories
as Type I solitons. In the present non-supersymmetric case, by contrast, the het-
erotic strings do not factorize so neatly, and consequently a more intricate analysis
is required. Thus, we consider our derivation of this non-supersymmetric soliton —
as well as our derivation of the techniques involved — to be another primary result
of this paper. Indeed, we shall see that the successful matching of the soliton to the
heterotic string is due in large part to certain “miracles” that are involved in these
interpolating models.
Given these non-supersymmetric duality relations, we then address several of the
questions raised earlier. Specifically, with our dual theories in hand, we then consider
the non-perturbative stability for each of our candidate dual theories. In this way,
we are able to make some conjectures concerning the ultimate fate of each of the
ten-dimensional non-supersymmetric heterotic strings.
1.3 Outline of this paper
This paper is organized as follows. In Sect. 2, we provide a brief review of some of
the non-supersymmetric heterotic string models that we shall be considering. Then,
in Sect. 3, we shall present our interpolating models, and discuss how they are con-
structed. In Sect. 4, we shall focus on the interpolation of the non-supersymmetric
SO(16) × SO(16) string, and construct its Type I dual. We shall then proceed to
discuss the soliton of this Type I theory in Sect. 5. In Sect. 6, we then apply our tech-
niques to some of the other non-supersymmetric heterotic string models, and in Sect. 7
we use our duality relations in order to study the perturbative and non-perturbative
stability of these interpolating models. Sect. 8 then contains our conclusions, as well
as a proposed phase diagram for our non-supersymmetric string models and spec-
ulations about lower-dimensional theories. Finally, in an Appendix we present the
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explicit free-fermionic realizations of many of the ten- and nine-dimensional models
we shall be considering in this paper. Note that a brief summary of some of the
results of this paper can be found in Ref. [23].
2 Review of Ten-Dimensional Models
We begin by reviewing some of the ten-dimensional heterotic and Type II string
models that will be relevant for our analysis. For notational convenience, in Sects. 2–5
we shall limit our attention to the five heterotic models in Fig. 1 whose gauge groups
contain SO(16)× SO(16) as a subgroup. In addition to the supersymmetric SO(32)
and E8×E8 models, these include the non-supersymmetric SO(32), SO(16)×SO(16),
and SO(16)× E8 models.
Since much of our analysis of these models will proceed via their partition func-
tions, we begin by establishing some general conventions and notation.
2.1 Conventions
Throughout this paper, we shall express partition functions in terms of the char-
acters of the corresponding level-one affine Lie algebras. It turns out that we shall
only need to consider the SO(2n) gauge groups, which have central charge c = n
at level one. For such groups, the only level-one unitary representations are the
identity (I), the vector (V), and the spinor (S) and conjugate spinor (C). This is
equivalent to the statement that SO(2n) has four conjugacy classes. These represen-
tations have multiplicities {1, 2n, 2n−1, 2n−1} respectively, and have conformal dimen-
sions {hI , hV , hS, hC} = {0, 1/2, n/8, n/8}. Their characters can then be expressed
in terms of the Jacobi ϑ functions as follows:
χI =
1
2
(ϑ3
n + ϑ4
n)/ηn = qhI−c/24 (1 + n(2n− 1) q + ...)
χV =
1
2
(ϑ3
n − ϑ4n)/ηn = qhV −c/24 (2n+ ...)
χS =
1
2
(ϑ2
n + ϑ1
n)/ηn = qhS−c/24 (2n−1 + ...)
χC =
1
2
(ϑ2
n − ϑ1n)/ηn = qhC−c/24 (2n−1 + ...) (2.1)
where q ≡ e2piiτ . Note that n(2n − 1) is the dimension of the adjoint representation
of SO(2n). This reflects the general fact that the adjoint is the first descendant of
the identity field in such affine Lie algebra conformal field theories. Even though the
spinor and conjugate spinor representations are distinct, we find that χS = χC (due
to the fact that ϑ1 = 0). For the ten-dimensional little Lorentz group SO(8), the
distinction between S and C is equivalent to relative spacetime chirality.
We can now express the partition functions of our string models in terms of these
characters. This will also be useful for determining the massless spectra of these
models. For convenience, we shall henceforth adopt the convention that all left-
moving (unbarred) ϑ-functions will be written in terms of the characters of SO(16),
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while those that are right-moving (barred) will be written in terms of those of the
Lorentz group SO(8). Occasionally we shall also use the notation χ˜ to signify left-
moving SO(32) characters. Furthermore, we shall define
Z
(n)
boson ≡ τ2−n/2 (ηη)−n , (2.2)
which represents the contribution of n transverse bosons to the total partition func-
tion. Finally, we shall also define the Jacobi factor
J ≡ 1
2
η−4
(
ϑ3
4 − ϑ44 − ϑ24 − ϑ14
)
= χV − χS = 0 . (2.3)
This factor J vanishes as the result of the “abstruse” identity of Jacobi, or equivalently
as a result of SO(8) triality, under which the SO(8) vector and spinor representa-
tions are indistinguishable. Partition functions that are proportional to J therefore
correspond to string models with spacetime supersymmetry.
2.2 Supersymmetric SO(32) string model
Given this notation, we begin by examining the supersymmetric SO(32) string
model. In terms of the characters X˜ of SO(32) for the left-movers and the characters
χ SO(8) for right-movers, its partition function takes the form
ZSO(32) = Z
(8)
boson (χV − χS) (χ˜I + χ˜S) . (2.4)
In terms of the characters of SO(16) × SO(16) for the left-movers, this partition
function is equivalent to
ZSO(32) = Z
(8)
boson (χV − χS) (χ2I + χ2V + χ2S + χ2C) . (2.5)
Note that it makes no physical difference whether χS or χC is written in this partition
function since all spinors in this model have the same spacetime chirality.
It is clear that this model is supersymmetric. It is also straightforward to deter-
mine from this partition function that the gauge group is SO(32), since the massless
gauge bosons in this model can only contribute to terms of the form χV ×{h = 1}. In
this partition function, the only such terms are χV χ˜I or χV (χ
2
I +χ
2
V ) where we must
consider the first excited state within χ˜I (in order to produce h = 1) or equivalently
the first excited state within χ2I and the ground state of χ
2
V (which already has h = 1).
However, the first descendant representation within χ˜I is the adjoint of SO(32).
Equivalently, the first excited state within χ2I transforms as (adj, 1)⊕ (1, adj) under
SO(16) × SO(16), while the ground state of χ2V transforms as (vec,vec). Thus,
under SO(16)× SO(16), the the gauge bosons of this model
(adj, 1)⊕ (1, adj)⊕ (vec,vec) , (2.6)
which fill out the 496 states of the adjoint of SO(32).
It is also clear from this partition function that in addition to the gravity su-
permultiplet, the gauge bosons and their superpartners are the only states in the
massless spectrum.
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2.3 E8 × E8 string model
The partition function of the E8 × E8 model can likewise be written in terms of
the SO(16) characters for the left-movers, yielding
ZE8×E8 = Z
(8)
boson (χV − χS) (χI + χS)2 . (2.7)
Once again, supersymmetry is manifest. Moreover, we immediately recognize that
the level-one E8 character is
χE8 ≡ 12 η−8
(
ϑ1
8 + ϑ2
8 + ϑ3
8 + ϑ4
8
)
= χI + χS , (2.8)
which verifies that the gauge group of this model is indeed E8 × E8. For h = 1,
the statement (2.8) reflects the fact that the adjoint plus spinor representations of
SO(16) combine to fill out the adjoint representation of E8. (Note that there is only
one character of E8 because the identity is only unitary representation of E8 at affine
level one, or equivalently because E8 has only one conjugacy class.) As with the
SO(32) model, we see that the gauge bosons, their superpartners, and the gravity
supermultiplet are the only states in the massless spectrum.
2.4 SO(16)× SO(16) model
Next, we turn to the SO(16) × SO(16) model which will be, in large part, the
main focus of this paper. In terms of the characters of SO(16) for the left-movers
(and those of SO(8) for the right-movers), the partition function of this model takes
the form
Z = Z
(8)
boson ×
{
χI (χV χC + χCχV ) + χV (χ
2
I + χ
2
S)
− χS (χ2V + χ2C) − χC (χIχS + χSχI)
}
. (2.9)
It is immediately clear that supersymmetry is broken, and that the gauge group of
this model is simply SO(16) × SO(16). In addition to the gravity multiplet, the
complete massless spectrum of this model consists of the following SO(16)×SO(16)
representations:
vectors : (120, 1)⊕ (1, 120)
spinors : (16, 16)+ ⊕ (128, 1)− ⊕ (1, 128)− (2.10)
Here the spinor subscripts ± indicate SO(8) spinors and conjugate spinors respec-
tively; only the relative chirality between these two groups of spinors is physically
relevant. Thus cancellation of the irreducible gravitational anomaly is manifest, even
though supersymmetry is absent. (The other irreducible anomalies can be shown
to cancel as well.) Furthermore, it is also clear that no physical tachyonic states
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are present in this model. In order to see this from the partition function, note
that such physical tachyonic states would have to contribute to terms of the form
χI ×{h = 1/2}. The only possible term of this form would be χI (χIχV +χV χI), yet
no such term appears in the partition function.
This model is the unique tachyon-free non-supersymmetric heterotic string model
in ten dimensions. As such, we may expect it to have a number of special prop-
erties. For example, we have already seen in Fig. 1 that it is the only heterotic
non-supersymmetric model in ten dimensions which can be realized as a ZZ2 orbifold
of either the supersymmetric SO(32) model or the E8×E8 model. Likewise, because
it is tachyon-free, it is the only non-supersymmetric ten-dimensional string model to
have a finite but non-vanishing one-loop cosmological constant.
Another remarkable property of the SO(16)× SO(16) string concerns its distri-
bution of bosonic and fermionic states at all mass levels. In this string model, one
has a surplus of 2112 fermionic states over bosonic states at the massless level. This
reflects the broken supersymmetry. However, this surplus of fermionic states at the
massless level is balanced by a surplus of 147,456 bosonic states at the first excited
level (for which L0 = L0 = 1/2), and this is balanced in turn by a surplus of 4,713,984
fermionic states at the next excited level (for which L0 = L0 = 1). This pattern then
continues all the way through the infinite towers of massive string states, and is il-
lustrated in Fig. 3 where we plot the sizes of these surpluses as a function of the
spacetime mass M2 = 2(L0 + L0)/α
′.
These oscillations are the signature of a hidden so-called “misaligned supersym-
metry” [5] in the string spectrum. Misaligned supersymmetry is a general feature
of non-supersymmetric string models, and serves as the way in which string theory
manages to maintain finiteness even without spacetime supersymmetry. Moreover, for
tachyon-free string models, there is an added bonus: these oscillating surpluses are
even sufficient to cause certain mass supertraces to vanish when evaluated over the
entire string spectrum. Specifically, if one defines a regulated string supertrace via
StrM2β ≡ lim
y→0
∑
states
(−1)F M2β e−yα′M2 , (2.11)
then in ten dimensions it can be shown [6] that
StrM0 = StrM2 = StrM4 = StrM6 = 0 . (2.12)
Similar results also exist for non-supersymmetric tachyon-free string theories in lower
dimensions [6].
It is remarkable that such constraints can be satisfied in string theory, especially
given the fact that string theory gives rise to infinite towers of states whose degen-
eracies grow exponentially as a function of mass. Such supertrace relations (2.12) are
similar to those that hold in field theories with spontaneously broken supersymmetry,
and suggest that even though the SO(16) × SO(16) string is non-supersymmetric,
there may yet be a degree of finiteness in this theory which might allow a consistent
strong-coupling dual to be constructed.
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Figure 3: Alternating boson/fermion surpluses in the D = 10 non-supersymmetric tachyon-
free SO(16) × SO(16) heterotic string. For each mass level α′M2 ∈ 2ZZ in this model, we
plot ± log10(|BM − FM |) where BM and FM are respectively the numbers of spacetime
bosonic and fermionic states at that level. The overall sign is chosen positive if BM >
FM , and negative otherwise. The points are connected in order to stress the alternating,
oscillatory behavior of the boson and fermion surpluses throughout the string spectrum.
These oscillations insure that StrM0 = StrM2 = StrM4 = StrM6 = 0 in this model, even
though there is no spacetime supersymmetry.
2.5 Non-supersymmetric SO(32) model
Next, we examine the tachyonic, non-supersymmetric SO(32) model. In terms of
the SO(32) characters χ˜, the partition function of this model is given by:
Z = Z
(8)
boson (χI χ˜V + χV χ˜I − χS χ˜S − χC χ˜C) , (2.13)
which decomposes into the characters of SO(16)× SO(16), yielding
Z = Z
(8)
boson ×
{
χI (χIχV + χV χI) + χV (χ
2
I + χ
2
V )
− χS (χ2S + χ2C) − χC (χSχC + χCχS)
}
. (2.14)
We see that once again supersymmetry is broken, with gauge group SO(32) and
with bosonic scalar tachyons of right- and left-moving masses M2R = M
2
L = −1/2
transforming in the vector representation of SO(32). Aside from the gravity multiplet
and the adjoint gauge bosons, this model contains no other massless states.
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2.6 SO(16)× E8 model
Finally, we examine the tachyonic, ten-dimensional, non-supersymmetric
SO(16)×E8 model. Its partition function is given by:
Z = Z
(8)
boson (χI χV + χV χI − χS χS − χC χC) (χI + χS) , (2.15)
and its complete massless spectrum (in addition to the gravity multiplet) consists of
the following representations of SO(16)×E8:
vectors : (120, 1)⊕ (1, 248)
spinors : (128, 1)+ ⊕ (128, 1)− . (2.16)
Once again, cancellation of the irreducible gravitational anomaly is manifest, even
without supersymmetry. Note that unlike the SO(16) × SO(16) case, this string
model contains tachyonic states. These are bosonic scalars with tachyonic right- and
left-moving masses M2R = M
2
L = −1/2 transforming in the (16, 1) representation of
SO(16)×E8.
2.7 Other non-supersymmetric heterotic string models
A similar analysis can be given for each of the other non-supersymmetric ten-
dimensional heterotic string models, but for notational convenience we shall defer a
discussion of these models until Sect. 6. Since these models do not have gauge groups
which contain SO(16)× SO(16) as a subgroup, their partition functions cannot be
expressed in terms of the characters of SO(16) or SO(8).
2.8 Type II models in ten dimensions
We now turn to the four Type II models that exist in ten dimensions. These
are the supersymmetric Type IIA and Type IIB models and the non-supersymmetric
so-called Type A and Type B models. The latter two models are tachyonic, and
only the Type IIB model is chiral. We shall henceforth refer to the Type A and
Type B models as being of Types 0A and 0B respectively (to reflect their levels of
supersymmetry).
The partition functions of these four models are as follows:
ZIIA = Z
(8)
boson (χV − χS) (χV − χC)
ZIIB = Z
(8)
boson (χV − χS) (χV − χS)
Z0A = Z
(8)
boson (χIχI + χV χV + χSχC + χCχS)
Z0B = Z
(8)
boson (χIχI + χV χV + χSχS + χCχC) . (2.17)
Note that for these Type II partition functions, both the left- and right-moving
characters are the characters of the SO(8) transverse Lorentz group. Also note that
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there is no physical distinction between a given partition function and one in which
all occurrences of χS and χS are respectively replaced by χC and χC and vice versa.
3 Nine-Dimensional Models and Continuous Deformations
3.1 Interpolating Models: General Procedure
As discussed in the Introduction, our approach will be to consider nine-
dimensional models which interpolate smoothly between different ten-dimensional
models. The most straightforward procedure will be to compactify ten-dimensional
models on a circle of radius R. As R → ∞, we expect to reproduce our original
ten-dimensional string model which we can denote M1; likewise, as R → 0, by T -
duality arguments we also expect to reproduce a ten-dimensional string model which
we can denote M2. Specifically, this means that as R → 0, we will produce a de-
generate nine-dimensional model M˜2 which can be identified as the T -dual of the
ten-dimensional model M2. Under these conditions we shall then say that such a
nine-dimensional model interpolates between M1 and M2. Models M1 and M2 need
not be the same ten-dimensional model if the nine-dimensional interpolating string
model is not self-dual (in the sense of R → 1/R duality). This will generally occur
if, in addition to the circle compactification, there are some twists introduced in the
compactification.
Our goal will therefore be to construct “twisted” nine-dimensional string mod-
els which interpolate between the various ten-dimensional string models. We seek,
in particular, a nine-dimensional string model which interpolates between the non-
supersymmetric ten-dimensional SO(16)× SO(16) string model in one limit, and a
supersymmetric ten-dimensional string model in the other. As we shall see, such
nine-dimensional models can indeed be constructed.
There are two procedures that one can follow in order to construct such nine-
dimensional interpolating models. The first procedure is to employ the nine-
dimensional free-fermionic construction [24, 25, 26]. This procedure results in models
formulated at the fixed radius R =
√
2α′, and our use of the free-fermionic construc-
tion, with all of its built-in rules and constraints, guarantees their internal consistency.
Within these models, we then identify the radius modulus corresponding to the tenth
dimension, and extrapolate to arbitrary radius. This procedure is unambiguous, and
leads to nine-dimensional string models formulated at arbitrary radius. By examin-
ing the two ten-dimensional limits of such models, it is simple to identify those that
interpolate between different ten-dimensional models.
The second (ultimately equivalent) procedure is to employ an orbifold construc-
tion. This has the advantage of exposing, from the start, the geometric radius-
dependence of the resulting nine-dimensional models. Furthermore, we shall also
be able to easily determine the different ten-dimensional limits. Our procedure for
constructing the desired nine-dimensional models rests upon a simple but crucial
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observation which we shall now explain.
Let us assume that we wish to construct a nine-dimensional model interpolating
between two ten-dimensional models M1 and M2. As stated above, this means that
we wish to construct a nine-dimensional model whose R→∞ limit producesM1, and
whose R→ 0 limit produces the nine-dimensional degenerate model M˜2 which is the
T -dual of the ten-dimensional model M2. (Note that for ten-dimensional heterotic
strings, M˜ = M in all cases.) Our procedure to construct such an interpolating
model is as follows. Let us assume that M1 and M˜2 are related to each other in such
a way that M˜2 is the Q-orbifold ofM1, where Q is any ZZ2 action. Given this relation,
let us then compactify M1 directly on a circle of radius R, and denote the resulting
model as M
(9)
1 . Since there are no twists involved in this compactification, M
(9)
1
contains only states with integer momentum- and winding-mode quantum numbers,
and reproduces the ten-dimensional model M1 both as R → ∞ and as R → 0. By
definition, the degenerate R → 0 limit of M1 is equivalent to the R → ∞ limit of
M˜1, where M˜1 is the T -dual of M1. Thus, Model M
(9)
1 is a nine-dimensional model
that trivially interpolates between the ten-dimensional models M1 and M˜1.
This much is fairly straightforward. However, let us now consider orbifolding the
model M
(9)
1 by Q
′ ≡ T Q where Q is the above ten-dimensional orbifold relating M1
to M˜2 and where
T : X1 → X1 + πR . (3.1)
Here X1 represents the coordinate of the compactified direction, and R is the radius
of compactification. Since T represents only half of a complete translation around the
compactified direction, the T -invariant states ofM (9)1 are those with even momentum
quantum numbers (and arbitrary winding numbers), while the twisted sectors of this
orbifold re-introduce the odd momentum quantum numbers along with half -integer
winding numbers. Thus, orbifolding the model M
(9)
1 by the combined ZZ2-action T Q
has the net effect of mixing the ten-dimensional orbifold Q with the compactification
orbifold T in a non-trivial way. However, if we denote the resulting model asM (9), it
turns out that M (9) reproduces Model M1 as R → ∞, but reproduces Model M˜2 as
R→ 0. The latter is equivalent to the R→∞ limit of Model M2, whereupon we can
identify ModelM2 as the ten-dimensional model that is produced in the R→ 0 limit.
Thus, given this construction, we see thatM (9) is the desired nine-dimensional model
that interpolates between the ten-dimensional models M1 and M2 in its R→∞ and
R→ 0 limits.
It is simple to see intuitively why this procedure works in yielding the desired nine-
dimensional interpolating model. Roughly speaking, as R→∞, the odd momentum
states are degenerate with the even momentum states. This causes T to act as zero,
which merely amounts to a rescaling of the effective volume normalization of the
partition function of Model M1. Thus, we are simply left with the ten-dimensional
M1 theory. By contrast, as R→ 0, the T -twisted and T -untwisted sectors contribute
equally. This thereby reproduces the Q-orbifold of M1, which is M˜2. Of course, this
is merely a heuristic explanation of why this procedure works. A detailed proof will
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be presented in Sect. 3.4, when we explicitly construct our desired nine-dimensional
models.
3.2 Ten-dimensional orbifold relations
The first step in the above procedure is to determine the orbifolds that relate the
ten-dimensional models in Sect. 2 to each other. Indeed, as is well-known, many of
these ten-dimensional string models can be realized as ZZ2 orbifolds of each other. We
shall therefore now give several of the orbifold relations between the ten-dimensional
heterotic and Type II string models.
We begin with a simple example. Let us seek to realize the E8×E8 heterotic model
as an orbifold of the supersymmetric SO(32) heterotic string model. This orbifold
can be explicitly described as follows. Starting from the SO(32) model, we can
decompose our SO(32) representations into representations of SO(16)×SO(16) and
then modding out by an action which changes the signs of the vector and conjugate
spinor representations of the first SO(16) factor but which leaves the identity and
spinor representations of this SO(16) factor (as well as all of the representations of
the second SO(16) factor) invariant. This action, which we shall denote R
(1)
V C , thus
has the following effect:
first SO(16) second SO(16)
I + +
V − +
S + +
C − +
(3.2)
Note that this is indeed a ZZ2 action, in that it squares to the identity. Given this ac-
tion R
(1)
V C , it is then straightforward to determine the effect of orbifolding the SO(32)
theory by R
(1)
V C . Since the original SO(32) theory is the untwisted sector of this orb-
ifold, with partition function Z++ ≡ ZSO(32) as given in (2.5), the first step is to mod
out by R
(1)
V C . Given the definition in (3.2), we see that this modding can be achieved
by adding to Z++ the contribution from the projection sector
Z−+ = Z
(8)
boson (χV − χS) (χ2I − χ2V + χ2S − χ2C) . (3.3)
This projection sector is determined from the unprojected sector by acting with R
(1)
V C .
To restore modular invariance, however, we must then also include the twisted sector
Z+−(τ) ≡ Z−+(−1/τ) = Z(8)boson (χV − χS) (χIχS + χSχI + χCχV + χV χC) (3.4)
along with its corresponding projection sector
Z−− = Z
(8)
boson (χV − χS) (χIχS + χSχI − χCχV − χV χC) . (3.5)
The result of this orbifolding procedure then yields a model with the total partition
function
Ztotal =
1
2
[Z++ + Z
−
+ + Z
+
− + Z
−
− ] , (3.6)
and we find that Ztotal = ZE8×E8. Thus, the E8 × E8 model can be realized as the
R
(1)
V C-orbifold of the SO(32) model.
non-SUSY
SO(32)
E8xE8
SO(32)
SUSY
SO(16)xSO(16)
SO(16)xE8
orbifold
B
orbifold A
orbifold
C
orbifold
orbifold A
B
orbifold
C
Figure 4: Several ZZ2 orbifold connections between ten-dimensional heterotic string models,
as discussed in the text. Note the highly symmetric position of the tachyon-free SO(16)×
SO(16) model.
It turns out that all of the ten-dimensional heterotic string models that we have
considered can be related in this way as different ZZ2 orbifolds of each other. Some
of these orbifold relations, each of which is analogous to the above example, are
indicated in Fig. 4. In this figure, the orbifolds A through C are defined as follows:
A ≡ R(1)V C
B ≡ R˜SC R(1)SC
C ≡ R˜SC R(1)SC R(2)V S . (3.7)
Here R˜ refers to the right-moving Lorentz SO(8) representations; R(1) and R(2) refer
to the two left-moving internal SO(16) representations; and the subscripts in each
case indicate which representations are odd under the corresponding action. Note
that R˜SC is simply (−1)F where F is the spacetime fermion number. As is evident
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from Fig. 4, orbifolds involving (−1)F are responsible for breaking supersymmetry.
We also remark that although the same orbifolds A, B, and C are responsible for the
different mappings as indicated on opposite sides of Fig. 4, the inverse orbifolds in each
case will generally be different. For example, it turns out that the supersymmetric
SO(32) model can be realized as the R˜IS-orbifold of the non-supersymmetric SO(32)
model, while the E8 × E8 model turns out to be the A-orbifold of the SO(16)× E8
model. Note that R˜IS is equivalent to −(−1)F after an SO(8) triality rotation.
It is striking that the SO(16)× SO(16) theory occupies such a central and sym-
metric position in Fig. 4. However, this is not entirely unexpected. Given the gauge
groups of these different string models, we see that SO(16)×SO(16) is in some sense
the unique “greatest common denominator”, for SO(16)×SO(16) is largest common
subgroup that all of these models share. Note from Fig. 1 that this central position for
the SO(16)×SO(16) theory persists even if we include the other non-supersymmetric
heterotic string models in ten dimensions. Furthermore, the SO(16)×SO(16) theory
is the unique ten-dimensional heterotic string model which is non-supersymmetric
yet simultaneously tachyon-free.
The orbifold relations between Type II strings are somewhat simpler. Indeed,
the Type 0B model can be simply realized as the R˜SCRSC orbifold of the Type IIB
model, where now the R-factors refer to the right- and left-moving Lorentz SO(8)
groups. Thus R˜SCRSC = (−1)F where F = FL + FR is the total spacetime fermion
number. Inverting this, we likewise find that the Type IIB model can be realized as
the R˜IC or RIC orbifold of the Type 0B model.
3.3 Circle compactifications
As with the ten-dimensional string models, our nine-dimensional models will be
most easily studied by analyzing their partition functions. Therefore, let us first
establish some notation appropriate for partition functions at an arbitrary radius R.
As is traditional, we first define the dimensionless inverse radius a ≡ √α′/R. In
terms of a, the right- and left-moving momenta resulting from compactification can
then be written as
pR =
1√
2α′
(ma− n/a) , pL = 1√
2α′
(ma+ n/a) (3.8)
and their corresponding partition function contribution is
(ηη)−1
∑
m,n
qα
′p2
R
/2 qα
′p2
L
/2 = (ηη)−1
∑
m,n
exp
[
2πimnτ1 − πτ2(m2a2 + n2/a2)
]
.
(3.9)
Here m and n are the momentum- and winding-mode excitation numbers. A pri-
ori , these numbers are only restricted to be integers. However, as we discussed in
Sect. 3.1, we will be interested in orbifolds which restrict the momentum quantum
numbers to either even or odd integers, and likewise will also be interested in the cor-
responding twisted sectors for which the winding-mode quantum numbers can also be
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half-integer. Thus, starting from the expression (3.9), we follow Ref. [16] in defining
four functions E0,1/2 and O0,1/2 depending on the types of values m and n may have
in (3.9):
E0 ≡ {m even, n ∈ ZZ}
E1/2 ≡ {m even, n ∈ ZZ+ 12}
O0 ≡ {m odd, n ∈ ZZ}
O1/2 ≡ {m odd, n ∈ ZZ+ 12} . (3.10)
Note that under T : τ → τ + 1, E0 ± E1/2 are each invariant while O0 ± O1/2 are
exchanged; likewise, under S : τ → −1/τ , E0+ E1/2 and O0−O1/2 are each invariant
while E0 − E1/2 and O0 + O1/2 are exchanged. Also note that at the free-fermion
radius a = 1/
√
2, these four functions respectively become
E0 −→ 12(ϑ3ϑ3 + ϑ4ϑ4)/ηη
O1/2 −→ 12(ϑ3ϑ3 − ϑ4ϑ4)/ηη
O0 −→ 12(ϑ2ϑ2 + ϑ1ϑ1)/ηη
E1/2 −→ 12(ϑ2ϑ2 − ϑ1ϑ1)/ηη . (3.11)
This explicitly demonstrates the equivalence between a boson and a Dirac fermion
at this radius. Finally, note that while the combination E0 + O0 is invariant under
a→ 1/a (since this is the original combination that includes the contributions from
all integer momentum and winding modes), the other combinations of these func-
tions break this symmetry explicitly. Thus only those string models whose partition
functions contain this combination alone are self-dual under a→ 1/a.
It is straightforward to take the limits of these functions as a → 0 and a → ∞,
for in each limit the spectrum of momentum modes or winding modes become dense
and the summation over these modes can be replaced by an integral. We then find
the limiting behaviors
a→ 0 : E0,O0 → (2a√τ2 ηη)−1 ; E1/2,O1/2 → 0
a→∞ : E0, E1/2 → a(√τ2 ηη)−1 ; O0,O1/2 → 0 . (3.12)
Since (
√
τ2ηη)
−1 = Z(1)boson is the partition function of a single uncompactified bo-
son, we see that the relations (3.12) permit us to obtain the partition functions of
ten-dimensional string models as the limits of those in nine dimensions. In this con-
nection, note that the partition functions of ten-dimensional theories are generally
obtained as the limits of those of lower-dimensional theories via a relation of the form
Z(10) ≡ lim
V→∞
1
MDV Z
(10−D) (3.13)
where V represents the effective volume of the D-dimensional compactification and
where M is the compensating mass scale
M ≡ (4π2α′)−1/2 . (3.14)
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The volume factor in (3.13) then absorbs the divergent factors of a in (3.12) as a→ 0
or a→∞.
3.4 Nine-dimensional heterotic interpolating models: General construc-
tion
Given these definitions, we can now construct our nine-dimensional interpolating
models.
As discussed in Sect. 3.1, for every pair of ten-dimensional models M1 and M˜2
that are related to each other via ZZ2 orbifold, there exists a corresponding nine-
dimensional interpolating model M (9) which reproduces M1 as R → ∞ and M˜2 as
R→ 0. Thus, we shall say thatM (9) interpolates between the ten-dimensional models
M1 and M2. We shall assume, for simplicity, that both M1 and M2 are T -selfdual,
so that M˜1 = M1 and M˜2 = M2. This is true for all ten-dimensional heterotic string
models. We shall discuss the Type II case in the next section.
Following the procedure outlined in Sect. 3.1, we begin with the untwisted com-
pactification of M1 on a circle of radius R. If Model M1 has partition function
ZM1 = Z
(8)
boson Z
+
+ , (3.15)
then this compactification results in a nine-dimensional model with partition function
Z
(9)+
+ = Z
(7)
boson (E0 +O0) Z++ . (3.16)
As a check, note that this expression indeed reproduces (3.15) in the limits a → 0
and a → ∞. Specifically, for a → 0 (or R → ∞), the volume of compactification is
V = 2πR = 2πa−1
√
α′, while for a→∞, the effective volume of compactification is
V = 2πa
√
α′.
Let us now orbifold this theory by T Q where T is defined in (3.1) and Q is the
action such that M2 is the Q-orbifold of M1. Clearly, while T acts on the compacti-
fication sums E and O, Q acts on the purely internal part Z++ . Specifically, since T
represents only half of a complete translation around the compactified direction, the
states which are invariant under T are those with even integer momentum quantum
numbers. Thus, at the level of the partition function, the states that contribute to
E0 are even under T while those that contribute to O0 are odd. Thus, in order to
project onto the states invariant under T Q, we add to (3.16) the contributions from
the projection sector
Z
(9)−
+ = Z
(7)
boson (E0 −O0) Z−+ . (3.17)
Here Z−+ is the Q-projection sector of the internal contribution Z
+
+ . In the usual
fashion, modular invariance then requires us to add the contribution from the twisted
sector
Z
(9)+
− = Z
(7)
boson (E1/2 +O1/2) Z+− (3.18)
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as well as its corresponding projection sector
Z
(9)−
− = Z
(7)
boson (E1/2 −O1/2) Z−− . (3.19)
The net result, then, is a nine-dimensional model M (9) with total partition function
Z(9) =
1
2
Z
(7)
boson
{
E0 (Z+++Z−+) + E1/2 (Z+−+Z−−) + O0 (Z++−Z−+ ) + O1/2 (Z+−−Z−−)
}
.
(3.20)
Using the relations (3.12), we can now determine what ten-dimensional models
are reproduced in the R → ∞ and R → 0 limits. In the R → ∞ limit (i.e., as
a → 0), we find that we immediately obtain the original partition function (3.15)
upon recognizing that the effective volume of compactification in this case is given by
V = 2π(R/2) = π
√
α′/a. This factor of two in the effective radius simply reflects the
fact that our original orbifold projection onto states with even momentum quantum
numbers is equivalent to halving the effective radius of compactification.∗ Thus, we
see that the R → ∞ limit of Model M (9) reproduces Model M1. Likewise, in the
R → 0 limit (i.e., the limit a→∞), we find that we reproduce the ten-dimensional
partition function
1
2
Z
(8)
boson (Z
+
+ + Z
−
+ + Z
+
− + Z
−
−) (3.21)
where in this case we have identified the effective volume as V = 2πa
√
α′. However,
the expression (3.21) is simply the partition function of the Q-orbifold of Model M1.
This is therefore the partition function of Model M2.
Thus we conclude that Model M (9), with partition function given in (3.20), is the
desired nine-dimensional model that interpolates between M1 as R→∞ and M2 as
R→ 0.
3.5 Nine-dimensional heterotic interpolating models
Having established the validity of our general procedure, it is now straightfor-
ward to construct our nine-dimensional interpolating models. Indeed, since all of the
orbifolds in Fig. 4 are ZZ2 orbifolds, for each such relation there exists a correspond-
ing nine-dimensional interpolating model. Note that an alternate derivation of each
of these nine-dimensional interpolating models using the free-fermionic construction
appears in the Appendix.
For the purposes of this paper, the models that will most interest us are those
that interpolate between a ten-dimensional supersymmetric string model and a
∗ In general, the effective volume of compactification can be easily determined by demanding
that the resulting ten-dimensional partition function have the correct overall normalization. Such
normalizations are unique, since they essentially rescale the numbers of states in the string spectrum.
Since we know that there can be only one graviton in a consistent string model, the term Z
(8)
bosonχV χ
2
I
must always appear with coefficient one in the ten-dimensional partition function.
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ten-dimensional non-supersymmetric string model. There are indeed four nine-
dimensional models of this type, and their interpolations are sketched in Fig. 5.
We shall refer to these as Models A through D. There is also a fifth model which will
interest us, but which interpolates between the supersymmetric SO(32) and E8×E8
models. We shall refer to this as Model E.
SO(16) x E8
non-SUSYnon-SUSY
SO(32)
SUSY
E8 x E8
SUSY
SO(32)
M
od
el
 C Model DM
od
el
 A
SO(16) x SO(16)
non-SUSY
M
odel B
Model E
Figure 5: Nine-dimensional Models A through D interpolate between different supersym-
metric and non-supersymmetric ten-dimensional string models. In each case, supersymme-
try is restored in one limit only. Model E interpolates between the supersymmetric SO(32)
and E8 × E8 models, and is therefore supersymmetric at all radii.
At arbitrary radii, these partition functions of our nine-dimensional models take
the following forms:
ZA = Z
(7)
boson × { E0 [χV (χ2I + χ2V ) − χS (χ2S + χ2C)]
+ E1/2 [χI (χIχV + χV χI) − χC (χSχC + χCχS)]
+ O0 [χV (χ2S + χ2C) − χS (χ2I + χ2V )]
+ O1/2 [χI (χSχC + χCχS) − χC (χIχV + χV χI)] }
ZB = Z
(7)
boson × { E0 [χV (χ2I + χ2S) − χS (χ2V + χ2C)]
+ E1/2 [χI (χV χC + χCχV ) − χC (χIχS + χSχI)]
+ O0 [χV (χ2V + χ2C) − χS (χ2I + χ2S)]
+ O1/2 [χI (χIχS + χSχI) − χC (χV χC + χCχV )] }
ZC = Z
(7)
boson × { E0 [χV (χ2I + χ2S) − χS (χIχS + χSχI)]
+ E1/2 [χI (χV χC + χCχV ) − χC (χ2V + χ2C)]
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+ O0 [χV (χIχS + χSχI) − χS (χ2I + χ2S)]
+ O1/2 [χI (χ2V + χ2C) − χC (χV χC + χCχV )] }
ZD = Z
(7)
boson × { E0 [χV χI − χS χS]
+ E1/2 [χI χV − χC χC ]
+ O0 [χV χS − χS χI ]
+ O1/2 [χI χC − χC χV ] } × (χI + χS)
ZE = Z
(7)
boson × { E0 (χ2I + χ2S)
+ E1/2 (χIχS + χSχI)
+ O0 (χ2V + χ2C)
+ O1/2 (χV χC + χCχV ) } × (χV − χS) .
(3.22)
For each of these partition functions, the partition function of the corresponding
interpolating model with opposite endpoints can be obtained by exchanging a↔ a−1.
A similar effect can also be achieved by exchanging a↔ (2a)−1, which is equivalent
to exchanging E1/2 ↔ O0.
There is an important comment we must make concerning these nine-dimensional
partition functions. When writing these partition functions, we have continued to use
the characters of the transverse SO(8) Lorentz group for the right-movers. Strictly
speaking, of course, it is improper to use such SO(8) characters, and instead we should
be expressing our partition functions in terms of level-one SO(7) characters and the
characters of a residual Ising model. Thus, in these partition functions, the SO(8)
characters should really be understood as a shorthand for combinations of SO(7) and
Ising-model characters, and only in the R → ∞ and R → 0 limits should they be
interpreted as the corresponding SO(8) characters. There is, however, an important
subtlety connected with this interpretation in the case of SO(8) spinors. While SO(8)
has two distinct spinor representations (namely the spinor S and conjugate spinor
C), SO(7) has only one spinor representation. Thus, in passing from ten dimensions
to nine dimensions, all chirality information is lost, and one cannot look to these
partition functions in order to determine which SO(8) spinors emerge in the R→∞
and R → 0 limits. Fortunately, in the present heterotic case, this distinction is
immaterial and does not affect our identification of the R→∞ and R→ 0 limiting
theories. Moreover, since we have constructed the actual string models and not
merely their partition functions, we can also directly examine the resulting states
and their representations under the ten-dimensional Lorentz group. The results of
both approaches confirm the identifications shown in Fig. 5.
Note that this issue is also related to the behavior of the heterotic string models
under a (one-dimensional) T -duality transformation from R = ∞ to R = 0. As
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explained in Refs. [27, 28], this transformation generally flips the chirality of the
spinor ground state, and can be realized in the partition function by exchanging χS
with χC for the right-movers only. In the case of heterotic strings, however, this
overall chirality is simply a matter of convention, for there is no physically significant
relative SO(8) chirality between right-movers and left-movers such as there is for
Type II strings. Thus heterotic string models are self-dual in the sense that any
nine-dimensional heterotic string model is physically the same whether formulated
at R → ∞ or at R → 0. Consequently, in the heterotic case, it is easy not only to
identify the R → 0 limits of these interpolating models, but also to interpret these
limiting theories as equivalent ten-dimensional (i.e., R→∞) theories. We shall see
that this issue becomes slightly more subtle for the Type II case.
Given the heterotic partition functions given in (3.22), it is easy to deduce the
physical properties of the corresponding models. For example, it is immediately
evident that except for Model E, each of these models is supersymmetric only at one
limiting point (corresponding to R→∞, or a→ 0). Moreover, Models B and C are
tachyon-free for all values of their radii. It is also clear that Models B and C have
gauge symmetry SO(16)× SO(16)× U(1)2 for all generic values of their radii, and
that there are no enhanced gauge symmetry points for finite values of R.
The massless spectrum of Model B will be of particular interest to us. At generic
radii 0 < R <∞, the massless spectrum of this model consists of
• the nine-dimensional gravity multiplet: graviton, anti-symmetric tensor, and
dilaton;
• gauge bosons (vectors) transforming in the adjoint representation of SO(16)×
SO(16)× U(1)2; and
• a spinor transforming in the (16, 16) representation of SO(16)× SO(16), with
no U(1) charges.
There are also extra states that appear in the massless spectrum at certain discrete
finite, non-zero radii. These are
• at R = √α′: two spinors with U(1) charges transforming as singlets under
SO(16)× SO(16) ; and
• at R = √2α′: two scalars with U(1) charges transforming in the (128, 1) ⊕
(1, 128) representation of SO(16)× SO(16).
As R→ 0, a massive opposite-chirality spinor in the (128, 1)⊕(1, 128) representation
of SO(16)× SO(16) with no U(1) charges becomes massless, and the gauge bosons
of the Kaluza-Klein U(1) gauge factors disappear (augmenting the gravity multiplet
from nine-dimensional to ten-dimensional). This then reproduces the spectrum of
the ten-dimensional SO(16)× SO(16) string.
The spectrum of Model C is similar. At generic radii 0 < R < ∞, the massless
spectrum of this model consists of
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• the nine-dimensional gravity multiplet: graviton, anti-symmetric tensor, and
dilaton;
• gauge bosons (vectors) transforming in the adjoint representation of SO(16)×
SO(16)× U(1)2; and
• a spinor transforming in the (128, 1) ⊕ (1, 128) representation of SO(16) ×
SO(16), with no U(1) charges.
Extra states appearing at discrete radii are
• at R = √α′: two spinors with U(1) charges transforming as singlets under
SO(16)× SO(16); and
• at R = √2α′: two scalars with U(1) charges transforming in the (16, 16)
representation of SO(16)× SO(16).
We can dramatically illustrate the interpolation properties of these models by
calculating their one-loop vacuum amplitudes (or cosmological constants) as functions
of their radii R. Note that such radius-dependent cosmological constants are similar
to those calculated in Refs. [17, 18]. For this purpose we shall focus on Model B,
which interpolates between the supersymmetric SO(32) theory as R → ∞ and the
non-supersymmetric SO(16)× SO(16) theory as R→ 0. (We shall discuss Model A
in Sect. 6.1.) For arbitrary radius R, it is relatively straightforward to calculate the
one-loop vacuum amplitude of this nine-dimensional model
Λ(9)(R) = − 1
2
M9
∫
F
d2τ
(Im τ)2
Z(τ, R) (3.23)
where F is the fundamental domain of the modular group andM is the overall scale
given in (3.14). The result is shown in Fig. 6. Note that the divergence in Λ(9) as
R→ 0 reflects the effective decompactification of the tenth dimension in this limit.
While Λ(9) is the actual nine-dimensional cosmological constant, this quantity is
not particularly suitable for examining the R → ∞ and R → 0 limits where the
theory effectively becomes ten-dimensional. Specifically, if a given nine-dimensional
model interpolates between ten-dimensional modelsM1 andM2 with ten-dimensional
cosmological constants Λ1 and Λ2 respectively, we would like to define a new radius-
dependent quantity, which we shall denote Λ˜(R), with the property that
lim
R→∞
Λ˜(R) = Λ1 and lim
R→0
Λ˜(R) = Λ2 . (3.24)
This would most appropriately demonstrate the interpolating nature of the model.
In the cases for which the R → ∞ limiting model M1 is supersymmetric (so that
Λ1 = 0), the only subtlety is the R→ 0 limit. We therefore define
Λ˜(R) ≡ M R√
α′
Λ(9)(R) . (3.25)
Figure 6: The one-loop cosmological constant Λ(9) of Model B, plotted in units of 12M9,
as a function of the radius R of the compactified dimension. This model reproduces the
supersymmetric SO(32) heterotic string as R→∞ and the non-supersymmetric SO(16)×
SO(16) heterotic string as R → 0. The divergence in Λ(9) as R → 0 reflects the effective
decompactification of the tenth dimension.
Figure 7: The one-loop cosmological constant Λ˜ of Model B, plotted in units of 12M10,
as a function of the radius R of the compactified dimension. This model reproduces the
supersymmetric SO(32) heterotic string as R→∞ and the non-supersymmetric SO(16)×
SO(16) heterotic string as R→ 0. The R→ 0 limiting value Λ˜/(12M10) ≈ 725 agrees with
the ten-dimensional cosmological constant (2πα′)5Λ(10) ≈ 0.0371 originally calculated for
the SO(16)× SO(16) string in Ref. [13].
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Note that this extra factor MR/√α′ is simply 1/V where V = 2π(α′/R) is the
effective volume of compactification in the R → 0 limit. This volume factor thus
absorbs the divergence that arises in the R → 0 limit, as indicated in (3.13), and
produces an extra power of the mass scale M, as appropriate for a (dimensionful)
cosmological constant as an extra dimension develops. In Fig. 7, we show the behavior
of Λ˜ as a function of R. It is evident from this figure that as R→∞, Λ˜ approaches
zero; this reflects the supersymmetry that re-emerges in this limit. Likewise, as
R→ 0, we see that Λ˜ approaches a fixed positive value (Λ˜/(1
2
M10) ≈ 725) which can
be identified as the one-loop cosmological constant of the ten-dimensional SO(16)×
SO(16) string. Moreover, for intermediate values of R, we see that Model B smoothly
interpolates between these two limits.
The existence of Models B and C thus shows that it is possible to connect the
non-supersymmetric ten-dimensional SO(16)× SO(16) model to the supersymmet-
ric ten-dimensional SO(32) and E8 × E8 models through continuous deformations.
The existence of Model B, in particular, suggests that a natural method of finding a
strong-coupling dual for the SO(16)×SO(16) string might be to start with the known
heterotic/Type I duality relation for the SO(32) theory, and then to “deform” away
from this duality relation in a continuous manner through nine dimensions. Specif-
ically, one would hope to derive a dual for the SO(16) × SO(16) string by starting
with the ten-dimensional supersymmetric SO(32) Type I string, compactifying this
theory on a circle of radius R along with an appropriate Wilson line (to match the
Wilson-line effects that are incorporated on the heterotic side within Model B), and
then taking the R→ 0 limit. As we shall see, this is roughly the correct procedure.
3.6 Type II interpolating models
In order for these nine-dimensional heterotic interpolations to be useful for ex-
ploring duality relationships, there must be analogous nine-dimensional interpolations
between Type I models. Since Type I models can generally be realized as orientifolds
of Type II models, we therefore first search for nine-dimensional interpolations be-
tween supersymmetric and non-supersymmetric ten-dimensional Type II models.
Remarkably, we find that there exist two Type II interpolating models of this sort.
As we shall see, they are completely analogous to the interpolating models on the
heterotic side. We shall refer to these nine-dimensional Type II models as Models A′
and B′, and their explicit free-fermionic construction is presented in the Appendix.
They interpolate between the four ten-dimensional Type II models as indicated in
Fig. 8. Likewise, in this figure we also include Model C′, which interpolates between
the supersymmetric Type IIA and Type IIB strings.
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Type IIA
Model A’ Model B’
Type IIB
Type 0B Type 0A
Model C’
Figure 8: Nine-dimensional Type II Models A′ and B′ interpolate between the different
supersymmetric and non-supersymmetric ten-dimensional Type II string models as shown.
Model C′, by contrast, interpolates between the supersymmetric Type IIA and Type IIB
string models.
Models A′ and B′ have the following partition functions:
ZA′ = Z
(7)
boson × { E0 [χV χV + χCχS]
+ E1/2 [χIχI + χSχC ]
− O0 [χV χS + χCχV ]
− O1/2 [χIχC + χSχI ] }
ZB′ = Z
(7)
boson × { E0 [χV χV + χSχS]
+ E1/2 [χIχI + χCχC ]
− O0 [χV χS + χSχV ]
− O1/2 [χIχC + χCχI ] } , (3.26)
while Model C′ has partition function:
ZC′ = Z
(7)
boson (E0 + E1/2) (χV − χS) (χV − χS) . (3.27)
As we discussed below (3.22), an important subtlety arises when identifying the
ten-dimensional theories that are produced via these interpolations in the R → 0
limit. Specifically, it is important to carefully determine the chirality of the SO(8)
spinors in the R → 0 limit in order to correctly identify the corresponding ten-
dimensional string models. As a well-known example of this subtlety, let us consider
the untwisted nine-dimensional compactification of the Type IIA or IIB theory which
is then orbifolded, as described in Sect. 3.1, by only the half-rotation T . By con-
struction, this does not alter the internal theory, and therefore as R → 0 we obtain
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again the Type IIA or IIB theory formulated at zero radius. However, as explained
in Refs. [27, 28], the Type IIA (or IIB) theory at zero radius is equivalent to the
Type IIB (or IIA) theory at infinite radius, and it is therefore the latter theory which
must be regarded as the effective ten-dimensional model that is produced in the
R→ 0 limit. Indeed, as has become standard terminology, we would say that such a
nine-dimensional compactification interpolates between the Type IIA and Type IIB
ten-dimensional theories, and this is precisely Model C′ as indicated in Fig. 8. Of
course, this subtlety is merely a reflection of the T -duality between the Type IIA and
IIB theories, and is an issue for us only in this Type II case because it is only for
Type II theories that a physically significant left/right relative chirality exists which
cannot be absorbed into an overall chirality convention.
Note that this subtlety also explains our identification of the R → 0 limits of
Models A′ and B′ as corresponding to the ten-dimensional Type 0B and Type 0A
theories respectively. In each case, the original ten-dimensional ZZ2 orbifold relation
exists between ten-dimensional theories of similar chirality (i.e., between IIA and 0A,
and between IIB and 0B). However, the Type 0A theory at zero radius is equivalent to
the Type 0B theory at infinite radius, and vice versa. Thus we find that Models A′ and
B′ interpolate between ten-dimensional theories of opposite chiralities,† as indicated
in Fig. 8.
Given these partition functions, we can again immediately deduce a number of
properties of the corresponding models. Of most interest to us will be the existence
of tachyons in Model B′. In general, this model can only contain tachyons which
contribute to the term E1/2χIχI in the partition function. Analyzing this term in
detail, however, we find that it contains tachyonic contributions only for inverse radii
a > a∗ where a∗ is the critical radius
a∗ ≡ 1
2
√
2
. (3.28)
Thus, for a < a∗ there are no tachyons in the theory; then as a increases (or as R
decreases), certain massive scalar states become lighter; then at a = a∗ these massive
states become exactly massless; and finally for a > a∗ these states become tachyonic.
Of course, as expected, these tachyonic states settle into the Type II ground state as
a→∞, where they become the tachyons of the Type 0A model.
Finally, we can also examine the behavior of the one-loop vacuum amplitude Λ˜ of
Model B′ as a function of its radius R of compactification. As R→∞, we expect this
amplitude to vanish, reflecting the supersymmetry of the Type IIB string. Likewise,
as R decreases from this limit, this amplitude should no longer vanish, and in fact it
should become divergent (to negative infinity) below R∗/
√
α′ = 2
√
2 where Model B′
develops a tachyon. In Fig. 9, we show the behavior of Λ˜ for R > R∗. Note that in
calculating Λ˜, we have continued to use the definition in (3.25) with its overall factor
of R; thus Figs. 7 and 9 may be compared directly. Also note that even though the
† Note that this conclusion corrects the apparent inconsistency in Fig. 1 of Ref. [27].
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Figure 9: The one-loop cosmological constant Λ˜ of Model B′, plotted in units of 12M10,
as a function of the radius R of the compactified dimension. This model reproduces the
supersymmetric Type IIB string as R → ∞ and the non-supersymmetric Type 0A string
as R → 0. The one-loop amplitude Λ˜ develops a divergence below R∗/√α′ ≡ 2√2 ≈ 2.83,
which reflects the appearance of a tachyon in the spectrum of Model B′ below this radius.
This discontinuity in Λ˜ is indicated with a solid dot at R = R∗.
one-loop amplitude has a discontinuity below R∗, jumping from a finite to an infinite
value, the apparent perturbative spectrum of Model B′ is completely continuous
though this point, with heavy states smoothly becoming massless and then tachyonic.
This behavior is entirely expected, since Model B′ represents a smooth interpolation
between the supersymmetric Type IIB string and the tachyonic Type 0A string. Of
course, strictly speaking, this interpolating model is not well-defined below R∗ due
to the appearance of the tachyons, and hence the apparent perturbative spectrum is
not relevant in that range.
4 Construction of the SO(16)× SO(16) Dual
In this section we will explicitly construct the Type I theory which is our candidate
dual for the non-supersymmetric tachyon-free SO(16)×SO(16) heterotic interpolat-
ing model.
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4.1 General Approach
We have seen in the previous section that the SO(16)×SO(16) heterotic string is
continuously connected to the SO(32) heterotic string via a tachyon-free interpolating
model. Since the strong-coupling dual of the SO(32) string is given by the SO(32)
Type I string, it is natural to assume that the strong-coupling dual of the SO(16)×
SO(16) string is given by a Type I theory which is similarly connected to the SO(32)
Type I theory.
There are then several methods that one might follow towards constructing this
theory. One option might simply be to deform the SO(32) Type I theory in such
a way that supersymmetry is broken and the gauge group is reduced to SO(16) ×
SO(16). However, it is not necessarily clear how to perform such a deformation in
a unique way while maintaining the consistency of the Type I theory. If this had
been a deformation of a heterotic string, modular invariance would have served as
a guide as to how any deformation of a given sector of the theory translates into a
corresponding deformation of a corresponding twisted sector. However, in the Type I
case, the analogous constraint is tadpole anomaly cancellation, and there are a priori
many different ways of deforming a given Type I theory while maintaining tadpole
cancellation. Not all of these approaches will necessarily yield a consistent Type I
theory.
Indeed, if we take the point of view that a Type I theory is consistent if and only
if it can be realized as an orientifold (or a generalized orientifold) of a Type II theory,
then we are naturally led to consider reversing the order of the deformation and the
orientifold. Thus, in this approach, we would first seek to perform our deformation
in the Type II theory, and subsequently orientifold the deformed Type II theory to
produce our Type I model. This realization of our Type I model as an orientifold of
a consistent Type II theory then guarantees its internal consistency.
Since the SO(32) Type I theory can be realized as an orientifold of the Type IIB
theory, we are therefore led to consider continuous deformations of the Type IIB the-
ory. However, as we showed in the last section, there is only one such deformation of
the Type IIB theory that breaks supersymmetry: this deformation corresponds to the
nine-dimensional model that interpolates between the Type IIB and Type 0A theo-
ries. Our procedure will therefore be to take the orientifold of this nine-dimensional
interpolating model. This will explicitly give us a nine-dimensional Type I string
model formulated at arbitrary radius, and we can then use this model in order to
examine the behavior of the dual theory as a function of the radius.
4.2 Orientifold procedure
We begin by briefly reviewing the orientifold procedure. Since the general orien-
tifolding procedure is completely standard [29, 19], our main purpose in this section is
to establish our notation and normalizations by presenting the appropriate formulas.
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(Readers familiar with the formalism of Type I string theory are encouraged to skip
to Sect. 4.3.)
In general, a Type I theory can be specified through its one-loop amplitude. This
has four contributions, two from the closed-string sector (whose one-loop geometries
have the topologies of a torus and Klein bottle respectively), and two from the open-
string sector (with the topologies of a cylinder and Mo¨bius strip). In each case,
the contribution can be obtained by evaluating a trace over relevant string states
and then integrating over all corresponding conformally inequivalent geometries. In
general, these traces are defined as:
T (τ) ≡ Tr 1
2
· (−1)F · orb ·GSOL ·GSOR · e2piiτL0 e−2piiτL0
K(t) ≡ Tr Ω
2
· (−1)F · orb ·GSOL ·GSOR · e−2pit(L0+L0)
C(t) ≡ Tr 1
2
· (−1)F · orb ·GSO · e−2pitL0
M(t) ≡ Tr Ω
2
· (−1)F · orb ·GSO · e−2pitL0 . (4.1)
Thus, with these normalizations, T +K gives the trace over the closed-string states
while C +M gives the trace over the open-string states. In these traces, F is the
spacetime fermion number; GSOL,R are the closed-string left- and right-moving GSO
projection operators
GSOL ≡ 12 (1 + (−1)G) , GSOR ≡ 12 (1 + (−1)G˜) (4.2)
where G and G˜ are the left- and right-moving G-parities (related to worldsheet
fermion number); ‘GSO’ without any subscripts is the open-string GSO projection
operator 1
2
(1 + G) where G is the open-string G-parity; ‘orb’ indicates the orbifold
projection operator, which can be expressed for a ZZ2 orbifold as
orb ≡ 1
2
(1 + g) (4.3)
where g is the ZZ2 orbifold action; and Ω is the worldsheet orientation-reversing “orien-
tifold” action, defined on the individual bosonic excitation modes α−n and fermionic
excitation modes ψ−r as:
closed strings : Ωα−nΩ
−1 = α˜−n , Ωψ−rψ˜−sΩ
−1 = ψ−sψ˜−r
open strings :
{
Ωα−nΩ−1 = +e−ipinα˜−n , Ωψ−rΩ−1 = +e−ipirψ˜−r in NN sector
Ωα−nΩ−1 = −e−ipinα˜−n , Ωψ−rΩ−1 = −e−ipirψ˜−r in DD sector
(4.4)
where in general 2r ∈ ZZ. In the torus and Klein-bottle contributions, the traces are
to be taken over both the untwisted and twisted sectors of the g-orbifold, while in
the cylinder and Mo¨bius contributions, the traces are instead taken over all Chan-
Paton factors. Throughout, the closed-string operators L0 and L0 are the left- and
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right-moving worldsheet energies which are defined and normalized in the standard
way such that
L0 + L0 = NL + N˜R +
1
2
α′(p2n.c. + p
2
c.) + VE (4.5)
where VE = VEL + VER = −1 indicates the closed-string vacuum energy, where
N are oscillator numbers, and where pn.c. (respectively pc.) are momenta in non-
compact (respectively compact) directions. In the case of a single circle-compactified
dimension, we have p2c. = p
2
L + p
2
R where pL,R are defined in (3.8). By contrast, the
open-string energy operator L0 is normalized as
L0 = N + α
′(p2n.c. + p
2
c.) . (4.6)
Note that in the Klein-bottle trace, the Ω projection enforces L0 = L0.
Once these traces are calculated, the corresponding one-loop amplitudes are then
determined by integrations over the appropriate modular parameters. Because the
precise relative normalizations of these integrals will be important for what follows,
we shall now briefly review the derivation of these integrals. Recall that the general
field-theoretic expression for the one-loop amplitude (cosmological constant) in D
dimensions is given by
Λ = 1
2
∑
i
(−1)F
∫
dDp
(2π)D
log(p2 +M2i )
= −1
2
∑
i
(−1)F
∫
dDp
(2π)D
∫ ∞
0
dtˆ
tˆ
e−(p
2+M2
i
)tˆ
= −1
2
1
(4π)D/2
∑
i
(−1)F
∫ ∞
0
dtˆ
tˆ1+D/2
e−M
2
i
tˆ . (4.7)
In these expressions, we have summed over the contributions from bosonic and
fermionic states with masses Mi, and we have used a representation in terms of
a Schwinger proper-time parameter tˆ. Also, in passing to the final line, we have ex-
plicitly performed the integral over the D uncompactified momenta. Given this form
for the field-theoretic result, it is then easy to write down the corresponding string-
theory amplitudes. Indeed, the only crucial issue is that of correctly identifying tˆ
with the appropriate modular parameter for the different Type I genus-one surfaces.
In order to do this, we must first identify the spacetime mass Mi of each state in
terms of L0 and L0. Fortunately, these latter identifications are standard, following
from (4.5) and (4.6), and are given as:
closed : L0 + L0 =
1
2
α′M2i
open : L0 = α
′M2i . (4.8)
Given the form of the traces in (4.1) and comparing with (4.7), it is then easy to
identify the one-loop Type I modular parameters relative to tˆ:
torus : Im τ = tˆ/(πα′)
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Klein bottle : t = tˆ/(πα′)
cylinder, Mo¨bius : t = tˆ/(2πα′) . (4.9)
Inserting these expressions for tˆ into (4.7), we then obtain the proper normalizations
for our amplitudes:
ΛT = − 12MD
∫
F
d2τ
(Im τ)1+D/2
T ′(τ)
ΛK = − 12MD
∫ ∞
0
dt
t1+D/2
K ′(t)
ΛC = − 12 2−D/2MD
∫ ∞
0
dt
t1+D/2
C ′(t)
ΛM = − 12 2−D/2MD
∫ ∞
0
dt
t1+D/2
M ′(t) . (4.10)
Here F is the fundamental domain of the modular group, M is the overall normal-
ization scale defined in (3.14), and the primes on the integrands indicate that these
traces no longer include the integrations over non-compact momenta. Thus, calcu-
lating the total one-loop amplitude requires summing these four contributions with
the relative normalizations given in (4.10). Note that since the torus trace T (τ) as
defined in (4.1) is half the one-loop torus partition function Z(τ) of the corresponding
Type II string model, we find that ΛT =
1
2
Λ where Λ is the cosmological constant of
the corresponding Type II string model. This is of course expected, since there are
only half as many Type I states that propagate in the torus of a Type I model as
there are in the corresponding Type II model prior to orientifolding.
Thus, given these definitions, the procedure for constructing a given Type I model
as an orientifold of a given Type II model is relatively simple. We start with the
Type II model (whose partition function is identified as Z = 2T ) along with its as-
sociated GSO and orbifold projections. Given this information, we then perform the
Klein-bottle, cylinder, and Mo¨bius-strip traces, and take the limit as t→ 0 of these
three traces in order to determine the massless Ramond-Ramond and NS-NS tad-
poles. Imposing a cancellation of these tadpoles then determines the gauge structure
of the theory, and ultimately yields a set of conditions on the Chan-Paton factors
(or equivalently on the numbers of Dirichlet nine-branes and anti-nine-branes in the
theory). The spectrum of the resulting Type I theory can then be determined by ex-
amining the resulting traces subject to these constraints, and its one-loop amplitudes
are calculated as described above.
4.3 The orientifold of Model B′
Having reviewed the general orientifolding procedure, let us now specialize to the
case at hand: the construction of the orientifold of the nine-dimensional Type II
Model B′ whose partition function is given in (3.26). Recall that this model can be
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realized by starting from the untwisted circle-compactified Type IIB theory whose
partition function is
Z = Z
(7)
boson (E0 +O0) (χV − χS) (χV − χS) , (4.11)
and then orbifolding by the ZZ2 action
g ≡ T (−1)F (4.12)
where F ≡ FL + FR is the Type II spacetime fermion number and where T is the
half-rotation given in (3.1).
Our first step is to consider the torus contribution to the one-loop amplitude. This
torus contribution ΛT is given in (4.10) where the torus trace is half the corresponding
Type II partition function of Model B′ as given in (3.26). Thus we immediately have
T ′(τ) = 1
2
(ηη)−7 × { E0 [χV χV + χSχS]
+ E1/2 [χIχI + χCχC ]
− O0 [χV χS + χSχV ]
− O1/2 [χIχC + χCχI ] } . (4.13)
We now evaluate the remaining Klein-bottle, cylinder, and Mo¨bius-strip traces.
To this end, it proves convenient to define the functions [30]
f1(q) ≡ η(q2) = q1/12
∞∏
n=1
(1− q2n)
f2(q) ≡
√
ϑ2(q2)
η(q2)
=
√
2 q1/12
∞∏
n=1
(1 + q2n)
f3(q) ≡
√
ϑ3(q2)
η(q2)
= q−1/24
∞∏
n=1
(1 + q2n−1)
f4(q) ≡
√
ϑ4(q2)
η(q2)
= q−1/24
∞∏
n=1
(1− q2n−1) (4.14)
which satisfy the so-called “abstruse” identity
f 83 (q) = f
8
2 (q) + f
8
4 (q) . (4.15)
Each of the traces K(t), C(t), and M(t) can then be evaluated in terms of these
functions.
We begin with the Klein-bottle trace K ′(t), and define q ≡ e−2pit. Given the
definition in (4.1), we see that this trace can naturally be decomposed into two terms
according to how the GSO projections are performed:
GSOLGSOR =
1
4
[
1 + (−1)G
] [
1 + (−1)G˜
]
=
1
2
+
1
2
(−1)G . (4.16)
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In passing to the final expression we have used the fact that the orientation-reversing
projection Ω ensures that G = G˜ for all contributing states. We can therefore consider
the two final terms in (4.16) separately. Since these two projections respectively
correspond [30] to NS-NS and Ramond-Ramond states in the corresponding tree
amplitude, we shall refer to the different contributions to the total trace as K ′NSNS(t)
and K ′RR(t), with
K ′(t) = K ′NSNS(t) − K ′RR(t) . (4.17)
Calculating these traces for our model, we then find that K ′RR(t) = K
′
NSNS(t), where
K ′NSNS(t) =
1
8
f 84 (q)
f 81 (q)
{ ∞∑
m=−∞
[1 + (−1)m] qm2a2/2
}
. (4.18)
The leading factor of 1/8 reflects the three factors of 1/2 in (4.1). As an aside, note
that if we define τK ≡ 2it and qK ≡ e2piiτK , then this total expression for K ′(t) can
be equivalently written in terms of our usual SO(8) characters as
K ′(t) =
1
2
1
η7(qK)
[
χV (qK)− χS(qK)
]
Eˆ0(qK) (4.19)
where
Eˆ0(qK) ≡ 1
η(qK)
∑
m even
(qK)
m2a2/4 . (4.20)
This form for the trace, which is reminiscent of the notation used by Sagnotti [29, 19],
makes it clear how the Klein-bottle trace explicitly implements the orientifold pro-
jection on the torus trace: the Ω projection removes all states with non-zero winding
modes as well as all sectors with different left- and right-moving SO(8) characters,
and produces a total Klein-bottle trace which is, in some sense, the “square root”
of the first line of (4.13). Note that this comparison between the torus and Klein-
bottle traces implicitly implies the relation τK = 2i(Im τ), so that qK = qT qT where
qT = e
2piiτ . Such a rewriting can be performed for each of the remaining traces that
we will consider, but we shall not do so here.
The cylinder and Mo¨bius traces can be calculated similarly. In the cylinder case
we shall again split our trace into two contributions, with GSO insertions of 1
2
and
1
2
(−1)G respectively, and in the Mo¨bius case we shall also split our trace into two
contributions, one from the open-string NS sector and the other from the open-string
Ramond sector. As for the Klein-bottle trace, we decompose our traces in this way
because in each case they then correspond respectively to the NS-NS or Ramond-
Ramond sectors of the corresponding tree amplitudes. We then have
C ′(t) = C ′NSNS(t)− C ′RR(t) , M ′(t) = M ′NSNS(t)−M ′RR(t) , (4.21)
and in terms of the functions (4.14), and with q ≡ e−2pit, these traces are as follows:
C ′NSNS(t) =
1
8
f 84 (q
1/2)
f 81 (q
1/2)
(Tr γI)
2
∞∑
m=−∞
qm
2a2
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+
1
8
[
f 82 (q
1/2) + f 83 (q
1/2)
f 81 (q
1/2)
]
(Tr γg)
2
∞∑
m=−∞
(−1)m qm2a2
C ′RR(t) =
1
8
f 84 (q
1/2)
f 81 (q
1/2)
{
(Tr γI)
2
∞∑
m=−∞
qm
2a2 + (Tr γg)
2
∞∑
m=−∞
(−1)m qm2a2
}
M ′NSNS(t) = −
1
8
f 82 (q) f
8
4 (q)
f 81 (q) f
8
3 (q)
×
{
(Tr γTΩγ
−1
Ω )
∞∑
m=−∞
qm
2a2 + (Tr γTΩgγ
−1
Ωg )
∞∑
m=−∞
(−1)m qm2a2
}
M ′RR(t) = −
1
8
f 82 (q) f
8
4 (q)
f 81 (q) f
8
3 (q)
×
{
(Tr γTΩγ
−1
Ω )
∞∑
m=−∞
qm
2a2 − (Tr γTΩgγ−1Ωg )
∞∑
m=−∞
(−1)m qm2a2
}
.
(4.22)
Here γI , γg, and γΩg are respectively the actions of the identity, the orbifold element
g, and the orientifold element Ωg on the Chan-Paton factors (or equivalently on the
nine-branes in the theory). In each case the leading factor of 1/8 reflects the three
factors of 1/2 in (4.1).
In order to solve for these γ matrices, we must impose the tadpole anomaly
cancellation constraints. In general, tadpole anomalies appear as divergences in the
amplitudes ΛK,C,M from the t → 0 region of integration, and are interpreted as
arising from the exchange of massless (and possibly tachyonic) string states in the tree
channel. In order to extract these divergences, it is simplest to recast our expressions
from the loop variable t to the tree variable ℓ. With our present conventions, the tree
variable ℓ is related to the loop variable t via
t =


1/(4ℓ) Klein bottle
1/(2ℓ) cylinder
1/(8ℓ) Mo¨bius strip ,
(4.23)
where the different numerical factors reflect, among other things, the changes in the
conventional normalization of the string length in passing from the open strings of
the loop channel to the closed strings of the tree channel. The tadpole divergences
can then be extracted by taking the ℓ→∞ limit.
Passing to the tree formalism and taking this limit is facilitated by defining q˜ ≡
e−2pi/t and making use of the identities
f1(q
A) =
√
1
2At
f1(q˜
1/4A) , f2(q
A) = f4(q˜
1/4A) , f3(q
A) = f3(q˜
1/4A) (4.24)
for the f -functions and the Poisson resummation formula
∞∑
m=−∞
(−1)Bm qAm2 =
√
1
2At
∞∑
m=−∞
q˜(m+B/2)
2/4A (4.25)
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for the circle momentum sums. We then find that our traces can be written as
K ′NSNS(t) =
2 t7/2
a
f 82 (q˜
1/4)
f 81 (q˜
1/4)
∞∑
m=−∞
(
q˜m
2/2a2 + q˜(m+1/2)
2/2a2
)
K ′RR(t) = K
′
NSNS(t)
C ′NSNS(t) =
1
8
t7/2√
2 a
f 82 (q˜
1/2)
f 81 (q˜
1/2)
(Tr γI)
2
∞∑
m=−∞
q˜m
2/4a2
+
1
8
t7/2√
2 a
[
f 83 (q˜
1/2) + f 84 (q˜
1/2)
f 81 (q˜
1/2)
]
(Tr γg)
2
∞∑
m=−∞
q˜(m+1/2)
2/4a2
C ′RR(t) =
1
8
t7/2√
2 a
f 82 (q˜
1/2)
f 81 (q˜
1/2)
{
(Tr γI)
2
∞∑
m=−∞
q˜m
2/4a2 + (Tr γg)
2
∞∑
m=−∞
q˜(m+1/2)
2/4a2
}
M ′NSNS(t) = −
1
8
27/2 t7/2
a
f 82 (q˜
1/4) f 84 (q˜
1/4)
f 81 (q˜
1/4) f 83 (q˜
1/4)
×
{
(Tr γTΩγ
−1
Ω )
∞∑
m=−∞
q˜m
2/4a2 + (Tr γTΩgγ
−1
Ωg )
∞∑
m=−∞
q˜(m+1/2)
2/4a2
}
M ′RR(t) = −
1
8
27/2 t7/2
a
f 82 (q˜
1/4) f 84 (q˜
1/4)
f 81 (q˜
1/4) f 83 (q˜
1/4)
×
{
(Tr γTΩγ
−1
Ω )
∞∑
m=−∞
q˜m
2/4a2 − (Tr γTΩgγ−1Ωg )
∞∑
m=−∞
q˜(m+1/2)
2/4a2
}
, (4.26)
and in this form it is straightforward to take the t → 0 (or ℓ → ∞) limit. Using
(4.23), and assuming a < ∞, we find that the leading behavior of these traces as
ℓ→∞ is given by
K ′NSNS(ℓ) ∼ ℓ−7/2 a−1 [1/4 + ...]
K ′RR(ℓ) ∼ ℓ−7/2 a−1 [1/4 + ...]
C ′NSNS(ℓ) ∼ ℓ−7/2 a−1
[
1
8
(Tr γI)
2
+
1
64
(Tr γg)
2
∞∑
m=−∞
exp
{
πℓ
(
2− (m+ 1/2)
2
a2
)}
+ ...
]
C ′RR(ℓ) ∼ ℓ−7/2 a−1 [(Tr γI)2/8 + ...]
M ′NSNS(ℓ) ∼ ℓ−7/2 a−1 [−(Tr γTΩγ−1Ω )/64 + ...]
M ′RR(ℓ) ∼ ℓ−7/2 a−1 [−(Tr γTΩγ−1Ω )/64 + ...] . (4.27)
Thus, since our integrals (4.10) become
ΛK = − 12 29M9
∫ ∞
0
dℓ ℓ7/2 K ′(ℓ)
ΛC = − 12M9
∫ ∞
0
dℓ ℓ7/2 C ′(ℓ)
ΛM = − 12 29M9
∫ ∞
0
dℓ ℓ7/2 M ′(ℓ) , (4.28)
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we see that the total NS-NS tadpole divergence is proportional to
64 +
1
16
(Tr γI)
2 − 4 (Tr γTΩγ−1Ω )
+
1
128
(Tr γg)
2
∞∑
m=−∞
exp
{
πℓ
(
2− (m+ 1/2)
2
a2
)}
(4.29)
and that the total Ramond-Ramond tadpole divergence is proportional to
64 +
1
16
(Tr γI)
2 − 4 (Tr γTΩγ−1Ω ) . (4.30)
The second line of (4.29) represents potentially tachyonic contributions, while the
remaining contributions in (4.29) and (4.30) are all due to massless states.
Thus, in order to cancel both tadpole divergences for general values of the radius
R/
√
α′ ≡ a−1, we see that there is only one solution for the Chan-Paton factors: we
must choose Tr γg = 0. Taking γΩ symmetric, and letting the dimensionality of these
matrices be N , we then find that N = 32. Thus, the only symmetric choice for γg is
γg =
(
116 0
0 −116
)
(4.31)
which corresponds to the gauge group SO(16) × SO(16). Note that the anti-
symmetric possibility for γg would yield the gauge group U(16); this case will be
discussed in Sect. 6.3.
It is quite remarkable that the case for which all tree-channel tachyons cancel,
and for which the massless tadpole divergences cancel for general radii a, corre-
sponds to the gauge group SO(16) × SO(16). Indeed, these observations precisely
mirror the situation on the heterotic side, where it is likewise only for the gauge
group SO(16) × SO(16) that our nine-dimensional heterotic interpolating Model B
is consistent and tachyon-free. Moreover, we see from the above traces that with the
choice (4.31), our massless open-string states consist of a vector in the adjoint repre-
sentation of SO(16)×SO(16) as well as a spinor in the (16, 16) representation. Once
we include the gravity multiplet and U(1)2 gauge bosons from the closed-string sec-
tor, we see that this exactly matches the massless spectrum of our nine-dimensional
interpolating Model B. Note that at the discrete radii for which extra massless states
appear on the heterotic side, the ten-dimensional Type I coupling is non-perturbative
so that we have no contradiction. This is similar to the situation discussed in Ref. [2].
Finally, we see that in the a→ 0 (or R→∞) limit, this Type I orientifold model pre-
cisely reproduces the ten-dimensional supersymmetric Type I SO(32) theory which is
known to be the strong-coupling dual of the ten-dimensional SO(32) heterotic string.
Thus, we see that it is natural and consistent to interpret this nine-dimensional Type I
model with the choice (4.31) as the strong-coupling dual of the heterotic interpolat-
ing Model B presented in Sect. 3. If this interpretation is correct, this would be
the first known example of a heterotic/Type I strong/weak coupling duality between
non-supersymmetric, tachyon-free string models.
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4.4 Cosmological constant
Given these results, we now seek to evaluate the one-loop amplitude or cosmolog-
ical constant Λ˜(R) for our nine-dimensional Type I model as a function of its radius
R, just as we did for our interpolating models B and B′ in Sect. 3. This will enable
us to analyze its stability properties.
It is apparent from the above results that the net contribution to the cosmological
constant from the Klein-bottle trace vanishes in this model, and therefore the only
non-vanishing closed-string contribution comes from the torus. This torus contri-
bution ΛT is given in (4.10) where the torus trace T
′(τ) is given in (4.13). As we
remarked above, ΛT is therefore exactly half the cosmological constant of Model B
′,
and is therefore half of what is shown in Fig. 9. If this were the sole contribution
to the Type I cosmological constant, our Type I model would be as unstable as the
Type II model from which it is derived, and would always flow in the direction of
decreasing radius, ultimately developing a tachyon. Fortunately, however, this is not
the case, for our Type I theory also contains open-string sectors whose contributions
must also be included.
Let us now consider the open-string contributions. It is immediately appar-
ent from the results of Sect. 4.3 that the only open-string sectors that make non-
vanishing contributions to the total one-loop amplitude are those from the Mo¨bius
trace. In terms of the Mo¨bius loop variable t, these contributions give rise to the
nine-dimensional open-string cosmological constant
Λ
(9)
M ≡
M9
4
√
2
∫ ∞
0
dt
t11/2
f 82 (q) f
8
4 (q)
f 81 (q) f
8
3 (q)
∞∑
m=−∞
(−1)m qm2a2 (4.32)
where M is the overall scale defined in (3.14) and where q ≡ e−2pit. Recall that the
leading numerical factor of (4
√
2)−1 comprises the following contributions: a factor
of 2−11/2 from (4.10), a factor of 32 from the Chan-Paton trace factor, a factor of two
for equal contributions from the NS-NS and Ramond-Ramond states in the Mo¨bius
strip, and a factor of 1/8 from the three factors of two in the denominators of the
trace (4.1). We thus seek to evaluate (4.32) as a function of R/
√
α′ ≡ a−1.
Unfortunately, evaluating this expression is not straightforward. While the ab-
sence of tachyonic states in this loop amplitude ensures that the integrand is suitably
convergent as t → ∞, there is, however, an apparent divergence in this integral in
the t → 0 limit. This is, of course, simply the apparent tadpole divergence, but its
cancellation is not manifest in this expression in terms of the loop variable t. One
possible way to cure this t → 0 “divergence” is to rewrite∗ this expression in terms
∗ Note, in particular, that we are only algebraically rewriting the loop amplitude, not constructing
to the tree amplitude, and consequently we may simply define t′ = 1/t as a convenient variable and
do not require the tree variable ℓ = 1/8t.
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of the new variable t′ = 1/t, yielding
Λ
(9)
M =
M9
4
√
2
27/2
a
∫ ∞
0
dt′
f 82 (q˜
1/4) f 84 (q˜
1/4)
f 81 (q˜
1/4) f 83 (q˜
1/4)
∞∑
m=−∞
q˜(m+1/2)
2/4a2 (4.33)
where q˜ ≡ e−2pit′ . Written in this form, the amplitude is then manifestly finite in the
corresponding t′ → ∞ limit. Moreover, unlike the previous closed-string cases, the
expression in (4.33) can be evaluated exactly, without need for numerical integration,
for if we expand the integrand in the form
f 82 (q˜
1/4) f 84 (q˜
1/4)
f 81 (q˜
1/4) f 83 (q˜
1/4)
∞∑
m=−∞
q˜(m+1/2)
2/4a2 =
∞∑
i=0
di e
−mit′ (4.34)
where di and mi are respectively the degeneracies and masses of states at the i
th
excited string level, we find
Λ
(9)
M =
M9
4
√
2
27/2
a
∞∑
i=0
di/mi . (4.35)
Unfortunately, while this formulation cures the apparent t → 0 (or t′ → ∞) diver-
gence, there now arises an apparent divergence as t′ → 0 (or t→∞). This is apparent
from (4.33), as well as from the fact that the degeneracies di in (4.35) typically grow
in magnitude as |di| ∼ eC
√
mi for some constant C > 0, rendering the summation in
(4.35) meaningless.
To evaluate this amplitude, therefore, we shall split the original integral (4.32)
into two pieces, with ranges of integration 1 ≤ t ≤ ∞ and 0 ≤ t ≤ 1 respectively.
We then transform only the second piece into the variable t′ ≡ 1/t, so that the range
of integration in (4.33) for this piece is 1 ≤ t′ ≤ ∞. This in turn modifies the result
in (4.35) for our second term, inserting an extra factor of e−mi into the sum (and
thereby rendering it manifestly finite). We thus have
Λ
(9)
M =
M9
4
√
2
∫ ∞
1
dt
t11/2
{
f 82 (q) f
8
4 (q)
f 81 (q) f
8
3 (q)
∞∑
m=−∞
(−1)m qm2a2
}
+
M9
4
√
2
27/2
a
∞∑
i=0
di
mi
e−mi .
(4.36)
Written in this form, this amplitude is now manifestly finite.
Given this result, it is then straightforward to evaluate this expression as a func-
tion of R and add it to the closed-string result from the torus amplitude. Our results
are shown in Fig. 10. Note that in this figure, we again plot our results in terms of
the effective ten-dimensional cosmological constant Λ˜(R) which we now define as
Λ˜(R) ≡ M
√
α′
R
Λ(9)(R) . (4.37)
This definition is similar to that in (3.25), except that we have replaced R with α′/R,
as suitable for the present case in which we are only concerned with the R → ∞
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limit. Indeed, the extra factor M√α′/R in (4.37) is simply 1/V where V = 2πR is
the effective volume of compactification in the R → ∞ limit. This then ensures the
formal result
lim
R→∞
Λ˜(R) = Λ
(10)
SO(32) . (4.38)
Figure 10: The total one-loop cosmological constant Λ˜ for the Type I interpolating model,
plotted in units of 12M10, as a function of the radius R of the compactified dimension.
Also shown (dashed lines) are the separate torus and Mo¨bius-strip contributions; note that
the Klein-bottle and cylinder contributions vanish. This Type I model reproduces the
supersymmetric SO(32) Type I string as R → ∞, and has gauge group SO(16) × SO(16)
for all finite radii. The torus amplitude develops a divergence below R∗/
√
α′ ≡ 2√2 ≈ 2.83,
which reflects the appearance of a tachyon in the torus amplitude below this radius. All
other contributions are tachyon-free for all radii.
It is clear from Fig. 10 that although the torus amplitude alone has a shape which
would seem to render our Type I string unstable (so that it would always seem to
flow in the direction of developing a tachyon), there is another contribution from the
Mo¨bius strip which succeeds in cancelling this behavior and which causes our Type I
model to flow to a stable supersymmetric point. This is a fortunate fact, and rests
crucially on the relative normalization (specifically the factor of 2−9/2) between these
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two amplitudes that we derived in (4.10).† Thus, not only is our Type I string model
tachyon-free for all radii R ≥ R∗, but it also consistently flows in the direction of
increasing radius towards the supersymmetric point at R =∞.
5 The SO(16)× SO(16) Soliton
In this section, we shall discuss the soliton of the Type I theory we constructed
in the previous section. We shall begin by recalling how the SO(32) heterotic string
emerges as a soliton of the SO(32) Type I theory, and then discuss the modifications
that lead to the SO(16)× SO(16) theory.
5.1 The SO(32) soliton
The SO(32) Type I theory can be realized as an orientifold of the Type IIB theory,
and as such it contains a variety of perturbative sectors associated with closed strings
(torus and Klein bottle sectors) and open strings (cylinder and Mo¨bius strip sectors).
These sectors give rise to the perturbative states of the SO(32) Type I theory, namely
the supergravity multiplet (from the closed-string sectors) and the SO(32) gauge
bosons and their superpartners (from the Neveu-Schwarz and Ramond open-string
sectors respectively). In the language of D-branes, these latter states can be viewed
as the excitations of an open string (the Type I string) whose endpoints each end
on a Dirichlet nine-brane and therefore each satisfy Neuman boundary conditions.
These are the so-called NN states.
In order to discuss the soliton states in the theory, let us now consider one of the
other D-branes in the theory, namely the Dirichlet one-brane. This D1-brane soliton
has been described as a classical solution in Ref. [22], and it is this solitonic object
which is eventually interpreted as the SO(32) heterotic string. Specifically, the zero
modes of this D1-brane have been quantized [2], and have been found to yield the
same worldsheet fields and GSO projections as the SO(32) heterotic string. It is this
result that we shall now review.
† As an aside, we note the interesting fact that if this relative normalization factor had been
1/32 (as would have been appropriate in ten dimensions), then the above torus and Mo¨bius-strip
contributions would have actually come very close to cancelling. Indeed, at the critical radius
R∗ =
√
8α′, we would have found the total value Λ˜(R∗) ≈ −2.87 × 10−3 when plotted in the
same units. However, this value is significantly larger than the expected numerical error of our
calculations, and thus is not consistent with zero. Furthermore, as R increases from R∗, this value
increases slightly and becomes positive before asymptotically approaching zero.
As a separate but related matter, we also note that the possibility of cancellation between
the torus amplitude and the open-string amplitudes provides a new mechanism for cancelling the
cosmological constant. This mechanism does not exist for heterotic strings. Indeed, in heterotic
string theory, one must cancel the torus amplitude by itself, and despite many proposals [31, 32],
no non-supersymmetric heterotic string models with vanishing cosmological constants have been
constructed. Type I string theory may thus provide a new, phenomenologically interesting way of
addressing this paramount issue.
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Let µ, 0 ≤ µ ≤ 9, index the spacetime dimensions (with µ = 0 identified as the
time direction), and let us assume that the D1-brane lies along the µ = 1 direction.
Thus i, 2 ≤ i ≤ 9, indexes the spatial dimensions transverse to the D1-brane.
In order to determine the perturbative spectrum of this soliton, we consider the
perturbative Type I strings which have at least one endpoint on this one-brane. There
are then two possibilities for the remaining endpoint: either it can end on this one-
brane as well, or it can end on one of the Dirichlet nine-branes in the theory. If both
endpoints are on the D1-brane, this string must satisfy Dirichlet boundary conditions
in the directions transverse to the D1-brane. These are the so-called DD states. By
contrast, if the remaining endpoint lies on one of the D9-branes, then this string
will satisfy mixed Neumann-Dirichlet boundary conditions. These are the so-called
ND states. In either case, since at least one end of the string is always fixed on the
D1-brane, the boundary conditions imply that the massless bosons X i have no zero
modes. Thus the massless states in these two sectors can depend only on x0 and
x1, the coordinates of the D1-brane worldsheet theory. In the heterotic description,
these coordinates will be identified as the heterotic worldsheet coordinates (σ, τ).
We now consider the massless excitations that arise in each case.
In the DD case, if both endpoints of the Type I string lie on the one-brane,
then massless states can be formed if both endpoints end at the same point on the
one-brane — i.e., if the Type I string is closed. There are then two options for
quantizing this string, depending on whether we assign Neveu-Schwarz or Ramond
boundary conditions to the Type I worldsheet fermions. In the Neveu-Schwarz sector,
the usual Type I GSO projection produces a ten-dimensional vector which we shall
denote V10. As we have stated above, this vector depends on only the coordinates
(x0, x1). Under the Lorentz decomposition
SO(9, 1) ⊃ SO(8) × SO(1, 1) , (5.1)
this representation decomposes as
V10 −→ V8 ⊕ V1,1 . (5.2)
However, note that the orientifold action Ω projects out the modes parallel to the
D1-brane and retains the modes transverse to the D1-brane. We are thus left with
the remaining V8(x0, x1) fields, which can be interpreted as the worldsheet coordinate
bosons of the heterotic string. We therefore identify
V8(x0, x1) ⇐⇒ X i(σ, τ) . (5.3)
A ZZ2 subgroup of the U(1) generated by modes parallel to the D1-brane commutes
with the Ω projection, and generates the GSO projection as a holonomy around closed
cycles on the soliton worldsheet.
Let us now consider the Ramond sector. Recall that the Type I GSO projection
yields a ten-dimensional spinor which we can denote S10. Under the decomposition
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(5.1), this spinor decomposes as
S10 −→ S+8 ⊕ C−8 (5.4)
where the superscripts indicate the corresponding SO(1, 1) charge. A positive
SO(1, 1) charge is interpreted as a right-moving degree of freedom along the D1-
brane, and a negative charge is interpreted as left-moving. Because the orientifold
projection Ω acts with an extra minus sign on Ramond fermions transverse to the D1-
brane in the DD sector, the orientifolding action preserves S+8 and projects out C
−
8 .
We therefore interpret these fermions as the right-moving Green-Schwarz worldsheet
fermions SaR of the heterotic string:
S+8 (x0, x1) ⇐⇒ SaR(σ, τ) . (5.5)
Here a is an index transforming in the spinor representation of the Lorentz group
SO(8). Moreover, the spacetime supersymmetry of the Type I theory, which related
V10 and S10 to each other as superpartners, now implies a worldsheet supersymmetry
for the soliton, so that X iR and S
a
R are also superpartners. Thus, we see that the
excitations of the DD sector of the D1-brane correspond directly to the coordinate
bosons of the SO(32) heterotic string along with its right-moving superpartners.
Let us now turn to the contributions from the ND sector. Recall that this sector
consists of strings with a single endpoint lying on one of the 32 different D9-branes
in the theory. Thus all excitations in this sector carry an SO(32) vector index A =
1, ..., 32. Because of the ND boundary conditions in this sector, the excitations of
the Type I string must be half-integrally moded in directions perpendicular to the
D1-brane, whereas they are integrally moded in directions parallel to the D1-brane.
Thus only the excitations in the parallel directions will have zero modes, which again
implies that the fields in this sector depend on only (x0, x1). Just as for the DD
sector, we have both a Neveu-Schwarz sector and a Ramond sector depending on the
boundary conditions that we assign to the Type I worldsheet fermions. However,
due to the half-integral moding of the Type I worldsheet boson fields, the vacuum
energies of these sectors are altered: while the Ramond sector continues to have zero
vacuum energy (as required by the worldsheet supersymmetry of the Type I string),
the Neveu-Schwarz sector turns out to have a positive vacuum energy. Thus only
the Ramond sector contains massless excitations, which in this case correspond to
the zero-mode excitations that produce the degenerate Ramond spinor ground state.
However, the GSO projection in the SO(32) Type I theory preserves only one of
these ground states — the state with negative SO(1, 1) charge, corresponding to a
left-moving field. Thus, the states that arise from the ND sector are Majorana-Weyl
fermions SA−1 which are left-moving, which are singlets under the SO(8) Lorentz
group, and which transform as vectors under SO(32). These are then naturally
identified as the 32 left-moving Majorana-Weyl worldsheet fermions ψAL of the SO(32)
heterotic string:
SA−1 (x0, x1) ⇐⇒ ψAL (σ, τ) . (5.6)
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Thus, we see that the ND sector provides the remaining left-moving worldsheet fields
of the heterotic string, thereby completing the worldsheet fields of the SO(32) het-
erotic theory. The previously mentioned ZZ2 holonomy from the DD sector generates
the GSO projection on the worldsheet fermions from this sector.
Note that the tension of the soliton is T ∼ TF/λ where TF = (2πα′)−1 and where
λ is the ten-dimensional Type I coupling.
5.2 The SO(16)× SO(16) soliton
Having reviewed the construction of the SO(32) soliton in ten dimensions, let us
now consider how these results are altered in the present case of the SO(16)×SO(16)
string.
First, we remark that in comparison to the construction of the supersym-
metric SO(32) soliton, the construction of the soliton corresponding to the non-
supersymmetric SO(16)× SO(16) string string is substantially more subtle and in-
volves new complications. The primary reason for this concerns the nature of the
non-supersymmetric SO(16) × SO(16) theory. In the case of the SO(32) theory, a
major simplification occurs because the theory essentially factorizes into separate
left- and right-moving components. This factorization is reflected, for example, in
the SO(32) partition function (2.5). Indeed, such a factorization is a general prop-
erty of all supersymmetric theories in ten dimensions. This factorization implies
that a corresponding solitonic realization of the theory is relatively straightforward
— one simply realizes separate sets of left- and right-moving worldsheet fields on
the D1-brane (along with their GSO projections), and then tensors the two theories
together to fill out the complete spectrum of states. This is essentially the proce-
dure outlined above for the SO(32) soliton. Unfortunately, the non-supersymmetric
SO(16)×SO(16) theory is substantially more complicated, for its partition function
given in (2.9) does not factorize. This essentially represents the effect of the addi-
tional twist incorporated in this theory relative to the supersymmetric SO(32) case.
The fact that the SO(16) × SO(16) theory fails to factorize neatly into left- and
right-moving components implies that the realization of this theory as a D1-brane
soliton is far more subtle, and involves several further assumptions regarding the ways
in which the different pieces of the soliton theory are adjoined together. We shall
discuss these assumptions as they arise below. We nevertheless find it remarkable
that, even with these mild assumptions, the SO(16)× SO(16) theory can indeed be
realized as a D1-brane soliton. In fact, as we shall see, there are several crucial and
rather surprising features which enable this realization to occur.
We shall now present the construction of the SO(16)×SO(16) soliton. As in our
construction of the corresponding Type I theory discussed in Sect. 4, we begin with
the SO(32) Type I theory and its corresponding soliton as discussed above. We then
seek to determine how this SO(32) soliton is modified when we compactify the x1
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direction on a circle of radius R and project by the element
Y ≡ T (−1)F γg . (5.7)
Recall that T is the half-rotation defined in (3.1), while F is the Type I spacetime
fermion number. As in the preceding orientifold calculation, γg is defined in (4.31)
where we separate the set of 32 heterotic left-moving Majorana-Weyl fermions (or
equivalently the set of 32 D-branes in the Type I picture) into two subsets with indices
A1 = 1, ..., 16 and A2 = 17, ..., 32 respectively.
Note that although it may seem that we should derive the soliton directly in
terms of our nine-dimensional Type I interpolating model, it is sufficient to start
with the SO(32) soliton, compactify it on a circle, and then apply the Y projection.
This is because our Type I interpolating model is essentially a ZZ2 × ZZ2 orientifold
of the supersymmetric Type IIB theory compactified on a circle of radius R. The
first ZZ2 factor corresponds to the worldsheet parity operator Ω, and the second to
the orbifold operator g. Because these two operators commute, we can consider our
interpolating open-string model either as an orientifold of the Type II interpolation,
or as an orbifold of the SO(32) Type I theory. In this section, we are considering our
Type I model as an orbifold of the SO(32) Type I theory, and are therefore analyzing
the soliton accordingly.
It is also important to note that we will be compactifying the x1 direction — i.e.,
the D1-brane of the SO(32) Type I theory will itself be wrapped on the circle of
radius R. This is not our only choice, however, and one could have instead chosen
to compactify one of the transverse directions x2, ..., x9. This would leave the soliton
unwrapped in nine dimensions. However, it is only by choosing to wrap the SO(32)
soliton that we can hope to obtain a soliton which behaves as a fundamental (i.e.,
nearly massless) string at a perturbative value of the Type I coupling λI . In this
connection, recall that since the tension of the D1-brane goes as T ∼ TF/λI where
TF = (2πα
′)−1 is the fundamental string tension, the total mass of the soliton goes
as
M ∼ RT ∼ RTF/λI . (5.8)
Hence, as R → 0, the mass of the soliton can vanish even for λI ≪ 1. By contrast,
if we had compactified any of the other spatial directions, the effective mass of the
unwrapped soliton would have been infinite for perturbative Type I couplings, and
would only have become zero at strong coupling. We shall therefore focus on the
wrapped case.
The first step, then, is to wrap the soliton on a circle of radius R. Since each of the
SO(32) soliton fields X i, Sa, and ψA is a function of (x0, x1), this compactification
leads to a quantization of their corresponding momenta p1:
p1 =
m
R
, m ∈ ZZ . (5.9)
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This compactification then produces the soliton corresponding to the nine-
dimensional untwisted SO(32) Type I theory, and this quantization determines the
oscillator moding of worldsheet soliton fields.
As in our orientifold calculation, the next step is to implement the projection by
Y ≡ T (−1)Fγg. Let us first recall the effects of each of these operators. The operator
T is the half-rotation, and gives an overall sign (−1)m where m is the momentum
quantum number in (5.9). Likewise, since F is the Type I fermion number, the
operator (−1)F gives a minus sign when acting on the Ramond sector of the Type I
theory and a plus sign when acting on the Neveu-Schwarz. Finally, γg gives a minus
sign on the fundamental (vector) representation of the second SO(16) factor under
the decomposition SO(32) ⊃ SO(16) × SO(16). Since this minus sign is naturally
associated with the fields ψA2 , A2 = 17, ..., 32, that produce this representation, this
in turn implies that there will also be a minus sign for one of the spinor representations
of this SO(16) factor. Without loss of generality, we can choose this to be the spinor
(rather than conjugate spinor) representation of the second SO(16) factor.
Remarkably, the latter two operators have a natural interpretation in terms of
the heterotic orbifold that produced the heterotic SO(16)× SO(16) theory from the
heterotic SO(32) theory as in Fig. 4. It is, of course, immediately evident from the
action of γg that we can equivalently describe this operator in the notation of Sect. 3
as R
(2)
V S. Somewhat more surprising, however, is the interpretation of (−1)F . Since
this gives a minus sign to the entire Type I Ramond sector, this operator gives a
minus sign for the Ramond sectors arising from both Sa and λA. In the case of the
right-moving field Sa, this minus sign is equivalent to the heterotic operator R˜SC .
Likewise, if S32 and C32 denote the two spinor ground states of the left-moving field
λA, then under the SO(32) ⊃ SO(16)× SO(16) decomposition, we have
S32 = S
(1)
16 S
(2)
16 ⊕ C(1)16 C(2)16
C32 = S
(1)
16 C
(2)
16 ⊕ C(1)16 S(2)16 . (5.10)
A minus sign for both S32 and C32 is therefore equivalent to a minus sign for just
S
(1)
16 and C
(1)
16 . We therefore find that in heterotic language, the effect of the Type I
operator (−1)F is
(−1)F ⇐⇒ R˜SCR(1)SC = (−1)FˆR(1)SC (5.11)
where Fˆ is the heterotic spacetime fermion number. Thus we find that
(−1)F γg ⇐⇒ R˜SC R(1)SC R(2)V S , (5.12)
which, as indicated in (3.7) and Fig. 4, is exactly the orbifold the produces the non-
supersymmetric heterotic SO(16)× SO(16) string from the supersymmetric SO(32)
heterotic string. We find this correspondence remarkable. In particular, note that this
correspondence rests upon the rather non-trivial relation (5.11) between the Type I
spacetime fermion number F and the heterotic spacetime fermion number Fˆ .
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At this stage, given the correspondence (5.12), it might appear that our construc-
tion of the SO(16)× SO(16) soliton is complete. After all, we know that orbifolding
the supersymmetric heterotic SO(32) theory by the action in (5.12) produces the
non-supersymmetric heterotic SO(16)× SO(16) theory. However, since we are seek-
ing to construct this theory as a D1-soliton, we are really working in the Type I
theory, not the heterotic, and consequently we are not performing an orbifold by
(−1)Fγg but rather a projection by T (−1)Fγg. Indeed, in the Type I theory we do
not have the option (at least at weak coupling) of adding any of the extra twisted
sectors that might na¨ıvely seem to be required. Instead, as we shall see, these twisted
sectors arise in a completely different and surprising way.
Let us now continue our derivation by performing the projection by Y . As a first
step, we begin by considering the effect of Y on the bosonic fields X i. It is clear that
these fields carry neither gauge quantum numbers nor spacetime fermion number;
hence a projection by Y is equivalent to a projection by T , which in turn preserves
only that subset of momentum modes in (5.9) for which m is even. However, these
modes can equivalently be interpreted as all of the momentum modes of the boson
fields X i where these fields are viewed as being compactified on a circle of radius
R/2:
p =
m
R
=
m′
R/2
=⇒ m′ = m/2 . (5.13)
This observation simply reflects the fact that, as discussed in previous sections, a
projection by the half-rotation (3.1) essentially puts the theory onto a circle of half
the original radius. We shall therefore find it convenient in the following to describe
all of the fields on the soliton in terms of the momentum modes m′ = m/2 relative
to the “half-circle” of radius R/2.
Let us now consider the effect that this radius reduction has on the fermionic
fields Sa and ψA.
We begin by considering the effects of this radius reduction on the eight Green-
Schwarz fermions Sa. Ordinarily, on the full circle, we would expect all of these
fermions to be integrally moded. However, in terms of the momentum modes of the
circle with radius R/2, each fermion Sa will now have two distinct sectors, one with
momentum modes m′ ∈ ZZ and one with m′ ∈ ZZ+1/2. Thus, in principle there are 28
moding combinations that can arise (modulo permutations and SO(8) rotations in
the fermion space). However, among these combinations there are only two that are
invariant under SO(8) Lorentz symmetry: these are the combinations for which all
fermions have modes m′ ∈ ZZ, and for which all fermions have modes m′ ∈ ZZ + 1/2.
These sectors will have eigenvalues ±1 respectively under T , and, upon quantization,
will have integer and half-integer excitation modes respectively.
Clearly the integer excitation modes of Sa are the “usual” modings from the
perspective of the smaller circle of radius R/2, and we shall refer to this sector as
belonging to “Class A”. By contrast, the sector with modings m′ ∈ ZZ + 1/2 is the
new feature arising from this decomposition onto the half-radius circle, and we shall
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refer to this sector as belonging to “Class B”. While the Class B sector may seem to
be a “twisted” version of the Class A sector, the important point is that both sectors
emerge automatically from the reduction to the half-circle of the Sa field with integer
modings on the original circle. Specifically, no ad hoc twist has been introduced in
order to produce the sectors in Class B.
A similar (but slightly more complicated) situation exists for the fermions ψA. In
the Ramond sector, each of these 32 fermions would have integer modings on the full
circle, and such modings reduce to both integer and half-integer modings on the half-
radius circle. Thus, we see that in principle, there are 232 different modings that are
possible for these 32 fermions (modulo permutations and rotations in fermion space).
However, only four of these combinations are invariant under the SO(16)× SO(16)
symmetry (or equivalently, only four of these combinations will be eigenstates of the
operator Y). These are
Ramond Class A : ψA1−n ψ
A2
−n
Ramond Class B :


ψA1−r ψ
A2−r
ψA1−n ψ
A2−r
ψA1−r ψ
A2−n
(5.14)
where n ∈ ZZ signifies integer modings, r ∈ ZZ + 1/2 signifies half-integer modings,
A1 ∈ {1, ..., 16}, and A2 ∈ {17, ..., 34}. In the Ramond sector, only the first of these
combinations is the correct moding from the perspective of the half-radius circle.
As above, we shall therefore designate this sector as belonging to Class A, and the
remaining possibilities will be designated as belonging to Class B. Of course, along
with the Ramond sector for the fermions ψA, there is also a Neveu-Schwarz sector
that we expect to arise non-perturbatively, and in this sector we will have the opposite
modings for the fermions ψA. We will therefore identify those with all half-integer
modings as being in Class A, and all other combinations as being in Class B:
NS Class A : ψA1−r ψ
A2
−r
NS Class B :


ψA1−n ψ
A2−n
ψA1−r ψ
A2−n
ψA1−n ψ
A2−r .
(5.15)
Let us now consider the effects of Y on these different fermion sectors. For reasons
that will become clear shortly, we shall begin by merely determining the signs that
each of these sectors have under Y . Once this is done, we will then discuss how the
projection is to be performed.
We start by considering the Class A sectors, i.e., those in which the right-moving
Green-Schwarz fermion Sa is integrally moded on the half-circle, and in which all
of the left-moving fermions ψA have integral modes in the Ramond sector and half-
integral modes in the Neveu-Schwarz sector. As in the case of the supersymmetric
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SO(32) soliton, quantizing the zero modes of Sa gives both a vector and spinor
representation of the transverse SO(8) Lorentz group:
Sa−n =⇒ V8 ⊕ S8 . (5.16)
Under Y , these vector and spinor sectors respectively have eigenvalues ±1. This
follows from the observation that each of these sectors has eigenvalue +1 under T
and γg, and are distinguished only by (−1)F ; equivalently, this also follows from
(5.12).
Let us now consider the sectors that arise from the fermions ψA. In the Ra-
mond sector, the vacuum is the SO(32) spinor S32 (since the SO(32) conjugate
spinor representation C32 is GSO-projected out of the spectrum). As indicated in
(5.10), this spinor S32 decomposes into the S
(1)
16 S
(2)
16 and C
(1)
16 C
(2)
16 representations of
SO(16)× SO(16). Under Y , these two representations have eigenvalues ±1 respec-
tively. Likewise, in the Neveu-Schwarz sector, we obtain the SO(16)× SO(16) rep-
resentations I
(1)
16 I
(2)
16 and V
(1)
16 V
(2)
16 . Under Y , these also accrue eigenvalues ±1 respec-
tively. This once again follows from (5.10), along with the observation that both of
these sectors have eigenvalue +1 under T .
Thus the Class A sectors, along with their eigenvalues under Y , can be summarized
as follows:
right-movers left-movers
Ramond NS
Y sector Y sector Y sector
+1 V8 +1 S
(1)
16 S
(2)
16 +1 I
(1)
16 I
(2)
16
−1 S8 −1 C(1)16 C(2)16 −1 V (1)16 V (2)16
(5.17)
We now turn to the Class B sectors. Recall that these are the additional sectors
that were automatically generated from the reduction of our soliton fields from the
circle of radius R to the circle of radius R/2, and consist of the extra combinations
of modings that would not na¨ıvely seem to be allowed from the perspective of com-
pactification on the circle of radius R/2. As we saw above, in these sectors Sa is
half-integrally moded (i.e., has m′ ∈ ZZ+1/2), while ψA has the complicated moding
pattern that was discussed above.
Let us first consider SA. Since the bosonic fields X i are integrally moded, giving
the Green-Schwarz fermions SA half-integer modings changes their vacuum energy
from 0 to −1/2. This means that the two subsectors which concern us now are the
sector built upon the tachyonic vacuum |0〉 (which transforms as the identity repre-
sentation I under the SO(8) transverse Lorentz group), and the sector built upon the
massless vacuum state Sa−1/2|0〉 (which, given our previous conventions, transforms
as the conjugate spinor representation C). Thus, since the net momentum modings
of these sectors are respectively half-integer and integer, they have eigenvalues ∓1
under T . Furthermore, they are each invariant under γg, and, thanks to the extra
fermion number of the vacuum that accrues for such half-integrally moded SA fields,
51
they respectively have eigenvalues ∓1 under (−1)F . Thus, under Y , both of these
sectors have eigenvalue +1. We shall denote these two SO(8) sectors as I8 and C8
respectively.
Turning to the left-moving fermions ψA, we now wish to consider the Class B
moding combinations given in (5.14) and (5.15). Let us consider the Ramond sector
first. The moding pattern ψA1−rψ
A2−r has vacuum energy −1, and gives rise to the
sectors V
(1)
16 I
(2)
16 and I
(1)
16 V
(2)
16 . These sectors respectively have eigenvalues ±1 under
Y . (The remaining possibilities, namely I(1)16 I(2)16 and V (1)16 V (2)16 , are GSO-projected out
of the spectrum.) Similarly, the moding pattern ψA1−rψ
A2−n gives rise to sectors I
(1)
16 S
(2)
16
and V
(1)
16 C
(2)
16 , each with eigenvalue +1 under Y , while the moding pattern ψA1−nψA2−r
gives rise to sectors C
(1)
16 I
(2)
16 and S
(1)
16 V
(2)
16 , each with eigenvalue −1 under Y . The the
Neveu-Schwarz sector is similar. The moding pattern ψA1−nψ
A2−n gives rise to sectors
S
(1)
16 C
(2)
16 and C
(1)
16 S
(2)
16 , with eigenvalues ±1 respectively under Y , while the moding
pattern ψA1−nψ
A2−r gives rise to sectors S
(1)
16 I
(2)
16 and C
(1)
16 V
(2)
16 , each with eigenvalue +1.
Finally, the Neveu-Schwarz sector with moding ψA1−rψ
A2−n gives rise to sectors I
(1)
16 C
(2)
16
and V
(1)
16 S
(2)
16 , with eigenvalues +1 under Y .
Thus the Class B sectors, along with their eigenvalues under Y , can be summarized
as follows:
right-movers left-movers
Ramond NS
Y sector Y sector Y sector
+1 I8 +1 V
(1)
16 I
(2)
16 +1 S
(1)
16 C
(2)
16
+1 C8 −1 I(1)16 V (2)16 −1 C(1)16 S(2)16
+1 I
(1)
16 S
(2)
16 +1 S
(1)
16 I
(2)
16
+1 V
(1)
16 C
(2)
16 +1 C
(1)
16 V
(2)
16
−1 C(1)16 I(2)16 +1 I(1)16 C(2)16
−1 S(1)16 V (2)16 +1 V (1)16 S(2)16
(5.18)
Now that we have constructed all of the sectors of the soliton and determined
their eigenvalues under Y , the next step is to do the projection onto sectors with
Y = +1. Strictly speaking, of course, we would na¨ıvely expect to perform this
projection on each sector individually, without regard to whether the sector is left-
moving or right-moving, since this is how such a projection would ordinarily be
implemented from the Type I perspective. Clearly, this would then simply remove
all sectors with Y = −1 from the tables (5.17) and (5.18). Indeed, this is the correct
procedure that one should follow when constructing a supersymmetric soliton (such
as the supersymmetric SO(32) Type I soliton) for which the corresponding heterotic
theory factorizes. However, in the present non-supersymmetric case we no longer
expect such a factorization to occur, and consequently we expect interactions to arise
between the left- and right-moving components of the theory. Such interactions might
be interpreted as arising due to the non-perturbative dynamics of the soliton. We
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shall therefore make the mild assumption that when performing our Y projection,
we will consider those left- and right-moving combinations for which the combined
sector is invariant under Y . Indeed, this will be our method for performing the Y
projection in non-supersymmetric cases.
Given this understanding, we then perform our Y projection by considering all
possible left- and right-moving combinations which meet the following qualifications:
• The combined sector should be invariant under Y (i.e., the combined Y-charge
should be +1).
• The left- and right-moving components should satisfy L0 = L0. This is of course
nothing but the level-matching condition for closed strings, but it is justified for
our Type I soliton because it is equivalent to the Type I momentum conservation
condition pL1 = p
R
1 .
• The resulting set of combined sectors should be invariant under exchange of
the two left-moving SO(16) gauge factors. This restriction arises due to the
fact that our fundamental Type I string itself preserves this exchange symmetry,
and that the dual heterotic SO(16)×SO(16) string also preserves this exchange
symmetry. While it may seem that this symmetry has been broken when writing
our orbifolds in the form (5.12), this form is merely one convention, and there
would be no physical distinction between this orbifold and one in which the two
SO(16) gauge factors are exchanged.
Finally, there is one further condition that we will need to impose. Specifically, at
sufficiently large Type I coupling, we shall assume that
• We may only choose left-right sector combinations from the same class. In other
words, we may choose the left- and right-moving sectors from either Class A
or Class B, but we will not choose one sector from Class A and the other from
Class B.
While the origin of this last restriction will become apparent from the heterotic
interpretation of the soliton, we do not have an interpretation of this restriction
based on our Type I construction. We shall nevertheless assume that this restriction
holds, possibly as the result of some non-perturbative selection rule.
Given these restrictions, it is then straightforward to collect the surviving left-
right combination sectors from tables (5.17) and (5.18). Specifically, we obtain the
following combination sectors:
Class A : V8 I
(1)
16 I
(2)
16 , V8 S
(1)
16 S
(2)
16 , S8 V
(1)
16 V
(2)
16 , S8C
(1)
16 C
(2)
16
Class B : I8 V
(1)
16 C
(2)
16 , I8C
(1)
16 V
(2)
16 , C8 I
(1)
16 S
(2)
16 , C8 S
(1)
16 I
(2)
16 . (5.19)
Remarkably, this is precisely the set of sectors that comprise the non-supersymmetric
SO(16) × SO(16) heterotic string! (This is most easily apparent via the heterotic
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partition function given in (2.9).) Thus, under these assumptions, we see that we
have succeeded in realizing the non-supersymmetric SO(16)×SO(16) heterotic string
as a soliton of our Type I string model.
There are several remarkable things to note about our derivation. First, we see
that via the above assumptions, we have been able to overcome the problems caused
by the lack of factorization that is typical of non-supersymmetric heterotic string
theories. Specifically, we have made only relatively mild assumptions regarding the
interactions between left- and right-moving sectors of the theory. Second, we see
by comparing the sectors that arise in Type I soliton with their heterotic string
equivalents that we have the natural Type I/heterotic identification
Class A ⇐⇒ untwisted sectors
Class B ⇐⇒ twisted sectors . (5.20)
This identification is especially remarkable because on the heterotic side, the twisted
sectors are interpreted as extra sectors that are added to the theory as a result of
modular invariance. By contrast, on the Type I side, modular invariance is not a
symmetry, and we do not have the ability to add in any twisted sectors. Instead, we
can only perform projections. Thus, it is quite astonishing that the Class B sectors
“magically” manage to give rise to precisely the same sectors that would have been
required by modular invariance on the heterotic side. Indeed, the Class B sectors in
the Type I theory somehow manage to reconstruct modular invariance on the soliton,
even in this unfactorized case for which modular invariance is highly non-trivial.
In this connection, we emphasize again that no twists of any kind were performed
in the Type I theory in order to generate the Class B sectors. Rather, these sectors
were generated naturally upon the reduction of our Type I theory from the circle
of radius R to the circle of radius R/2. This reduction was generated by the action
of the half-rotation operator T , which in turn was precisely the operator that was
responsible for allowing us to construct our interpolations on the heterotic and Type II
sides. Thus, the “miracle” that produces the required Class B sectors on the Type I
side can ultimately be traced all the way back to our heterotic models and their
nine-dimensional interpolations.
This surprising set of results and interconnections can therefore be taken not only
as compelling evidence for the conjectured duality between our Type I model and the
SO(16)×SO(16) heterotic string, but also as compelling evidence for the correctness
of our general procedure (and its associated assumptions) for the construction of
non-supersymmetric Type I solitons. Indeed, as we shall see in the next section, we
shall find even further evidence for this picture when we consider the Type I solitons
corresponding to other non-supersymmetric theories.
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6 Duals for Other Non-Supersymmetric Theories
It is clear that the procedure we have developed for constructing the duals of
non-supersymmetric string theories and analyzing their solitons is quite general,
and should have validity beyond the case of the SO(16) × SO(16) string. In this
section, we shall apply our methods to several other cases of non-supersymmetric
ten-dimensional heterotic strings, including the non-supersymmetric SO(32) string
discussed in Sect. 2.5, the non-supersymmetric SO(8) × SO(24) string, and the
non-supersymmetric U(16) string. All of these ten-dimensional string theories have
tachyons, and thus we expect their behavior to differ significantly from that of the
SO(16) × SO(16) string. Indeed, this comparison will in some sense serve to em-
phasize the unique and rather special properties of the SO(16) × SO(16) string.
However, despite the tachyons that appear in these ten-dimensional models, it is
nevertheless remarkable that their associated nine-dimensional heterotic interpola-
tions are tachyon-free in the range R > R∗, that these interpolations continue to
have strong-coupling duals, and that their massless states and solitons continue to
match exactly in this range.
6.1 The non-supersymmetric SO(32) theory
We begin by constructing the dual theory for the case of the non-supersymmetric
SO(32) heterotic theory discussed in Sect. 2.5.
Like the SO(16) × SO(16) model, it is evident from Fig. 5 that the non-
supersymmetric SO(32) heterotic theory can also be continuously connected to the
supersymmetric SO(32) theory. The relevant interpolating model in this case is
Model A, whose partition function is given in (3.22). It is apparent from this par-
tition function that Model A is tachyon-free for all compactification radii R ≥ R∗
where the critical radius turns out to be the same as that for Model B′, namely
R∗ = 2
√
2α′. In Fig. 11, we have plotted the one-loop cosmological constant Λ˜ of
Model A as a function of the compactification radius R in the range R ≥ R∗. Just as
for Fig. 10, we taken our definition of Λ˜(R) as in (4.37) in order to ensure the correct
formal limiting behavior∗ as R→∞.
∗ Comparing Fig. 11 with Fig. 9, the reader may suspect that the cosmological constant of
Model A is simply a rescaling of the cosmological constant of Model B′ by some constant factor
rA/B′ . Likewise, the reader may suspect that the cosmological constant of Model F (which is also
plotted in Fig. 11 and which will be discussed in Sect. 6.2) represents another rescaling of the same
function, with a different rescaling factor rA/F . To remarkable degree of numerical accuracy, this is
indeed the case: if we take rA/B′ ≈ 31.5116 and rA/F ≈ 4.1951, then these respective cosmological
constants do not differ by more than 0.01 in units of 12M10 at any point over the entire range
R ≥ R∗. However, given the numerical accuracy to which these calculations were performed, this
difference is significant, and is not consistent with zero. Thus, these cosmological constants are not
simple rescalings of each other. Of course, we do not expect these cosmological constants to be
related to each other (and certainly not through non-integer rescaling factors), for they are derived
from different underlying string models with entirely different spectra.
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Figure 11: The one-loop cosmological constants Λ˜ of Models A and F, plotted in units of
1
2M10, as functions of the radius R of the compactified dimension. Model A is given in
Sect. 3.5, while Model F will be discussed in Sect. 6.2. Both of these models reproduce
the supersymmetric SO(32) heterotic string as R → ∞, and their one-loop amplitudes Λ˜
develop divergences below R∗/
√
α′ ≡ 2√2 ≈ 2.83. This reflects the appearance of tachyons
in these models below this radius.
We remind the reader that the appearance of tachyons in Model A below a critical
radius does not imply that the model itself is discontinuous. Rather, only the cos-
mological constant is discontinuous, and the spectrum of Model A passes smoothly
from supersymmetric at infinite radius, to non-supersymmetric but tachyon-free for
radii R ≥ R∗, and then finally to non-supersymmetric and tachyonic for R < R∗. (Of
course, the interpretation of such a model changes discontinuously, since the appear-
ance of tachyons implies that the theory can exist only at strong coupling.) We also
wish to emphasize that the behavior of the cosmological constant for this (tachyonic)
SO(32) interpolating model is significantly different from the behavior of the cosmo-
logical constant of the corresponding (non-tachyonic) SO(16)×SO(16) interpolating
model sketched in Fig. 7. Whereas the SO(16)× SO(16) interpolating model had a
positive cosmological constant for all radii, causing the model to flow in the direction
of increasing radius towards a stable, supersymmetric limit, the analogous SO(32)
interpolating model has a negative cosmological constant which causes the model
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to flow in the direction of decreasing radius, away from the supersymmetric limit.
We can attribute this difference in behavior to the appearance of the tachyon in the
interpolating model.
Despite these observations, the fact that the non-supersymmetric heterotic
SO(32) theory can be continuously connected to the supersymmetric heterotic
SO(32) theory implies that it will be possible to realize a dual for the non-
supersymmetric SO(32) theory in much the same way that we constructed a dual
for the SO(16)× SO(16) theory — i.e., by starting from the Type I SO(32) theory,
and considering its compactification to nine dimensions with a suitable Wilson line.
Following the logic in Sect. 4, this procedure would be rigorously implemented by
starting with an appropriate nine-dimensional Type II interpolating model, and then
constructing its orientifold. However, we have seen in Sect. 3.6 that there is only one
nine-dimensional non-supersymmetric Type II interpolating model that is continu-
ously connected to the Type IIB theory: this is Model B′. Thus, the Type I dual
of the non-supersymmetric SO(32) theory must be related to the same orientifold
that we have already constructed for the SO(16)× SO(16) theory. Indeed, tracing
through the previous calculation, we see that the only difference is that we shall
choose γ′g = 132 (the 32-dimensional identity matrix) instead of (4.31).
Choosing γ′g = 1 induces a number of changes in the resulting Type I theory
relative to the SO(16) × SO(16) case. Of course, this is to be expected, since the
corresponding heterotic SO(32) theory is itself plagued with tachyons. This situation
only serves to emphasize the uniqueness of the properties of the SO(16) × SO(16)
theory, both on the heterotic and Type I sides.
For radii R ≥ R∗, this Type I model continues to be tachyon-free. We can there-
fore calculate the cosmological constant Λ˜(R) of this theory. Since this theory is
derived from the same interpolating Type II model as was the SO(16) × SO(16)
Type I theory, its torus contribution is unchanged and its Klein-bottle contribution
continues to cancel. Likewise, the Mo¨bius-strip contribution is unchanged, and the
only difference is that we now have a contribution from the cylinder. This contribu-
tion is given by
Λ
(9)
C ≡ −
M9
128
√
2
(Tr γg)
2
∫ ∞
0
dt
t11/2
f 82 (q
1/2)
f 81 (q
1/2)
∞∑
m=−∞
(−1)m qm2a2 (6.1)
where M is the overall scale defined in (3.14) and q ≡ e−2pit. The leading numerical
factor of (128
√
2)−1 comprises the following contributions: a factor of 2−11/2 from
(4.10), a factor of two for equal contributions from the NS-NS and Ramond-Ramond
states in the cylinder, and a factor of 1/8 from the three factors of two in the denom-
inators of the trace (4.1). For this model, we also have (Tr γg)
2 = (32)2 = 1024, but
for later convenience we shall keep (Tr γg) general. We thus seek to evaluate (4.32)
as a function of R/
√
α′ ≡ a−1.
The evaluation of this integral involves the same subtleties as our previous calcu-
lation of the contribution from the Mo¨bius strip, and can be handled similarly. As
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before, we rewrite (4.32) in the form
Λ
(9)
C ≡ −
M9
128
√
2
(Tr γg)
2
∫ ∞
1
dt
t11/2
f 82 (q
1/2)
f 81 (q
1/2)
∞∑
m=−∞
(−1)m qm2a2
− M
9
128
√
2
(Tr γg)
2 1√
2 a
∫ ∞
1
dt′
f 84 (q˜
1/2)
f 81 (q˜
1/2)
∞∑
m=−∞
q˜(m+1/2)
2/4a2 (6.2)
where q˜ ≡ e−2pit′ , and then evaluate the first and second lines separately. Unfortu-
nately, unlike the previous case, we see that the second line still has a divergence
from the t′ →∞ range of the integration if a2 ≥ 8 (or if R ≤ R∗). At R = R∗, this is
a divergence due to a massless state in the tree channel (i.e., a tadpole divergence),
and for R < R∗, this is a divergence due to a tachyon in the tree channel. Thus,
the cylinder amplitude is finite only for R > R∗. It is important to note that unlike
the previous divergences at R∗ (such as that for the torus amplitude), this is not a
discontinuous divergence; rather, as R approaches R∗ from above, the magnitude of
the cylinder amplitude grows without bound, with R = R∗ serving as the asymptote.
These results are plotted in Fig. 12.
It is clear from Fig. 12 that although the torus and Mo¨bius contributions are not
affected by the change in γg from SO(16)×SO(16) to SO(32), this change induces a
very large negative cylinder contribution which is proportional to (Tr γg)
2 and which
dominates over all other contributions. This then significantly changes the behavior
of the total cosmological constant of the model. Without this contribution, as plotted
in Fig. 10 for the SO(16)×SO(16) case, the total cosmological constant is finite and
positive for all R ≥ R∗. Indeed, although the total cosmological constant has a neg-
ative divergence for R < R∗, for all radii R ≥ R∗ it is finite and positive, and induces
a flow towards the direction of increasing radius. In the present non-supersymmetric
SO(32) case, by contrast, the behavior is entirely different: the divergence is con-
tinuous rather than discontinuous, and the total cosmological constant is strictly
negative. Thus the direction of the flow is towards smaller radii, where tachyons and
their associated divergences develop.
Despite these observations, we stress that in the range R ≥ R∗, this Type I model
is nevertheless a consistent (if unstable) theory. It has no tadpole divergences, is
tachyon-free, and can be considered to be the strong-coupling dual of the heterotic
interpolating Model A. Moreover, it is easy to see that the massless states of these
two models agree exactly. Indeed, the instability of this Type I model is completely
analogous to the instability of Model A.
Let us now consider the D1-brane soliton of this theory. As with the SO(16)×
SO(16) theory, we begin by compactifying the x1 direction of the supersymmetric
SO(32) soliton on a circle of radius R. However, unlike the SO(16)× SO(16) case,
we now must project by the element
Y ′ ≡ T (−1)F γ′g . (6.3)
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Figure 12: The non-vanishing contributions to the one-loop cosmological constant Λ˜ for the
non-supersymmetric SO(32) Type I interpolating model, plotted in units of 12M10, as a
function of the radius R of the compactified dimension. This Type I model reproduces the
supersymmetric SO(32) Type I string as R → ∞, and is non-supersymmetric with gauge
group SO(32) for R < ∞. The torus amplitude develops a divergence below R∗/√α′ ≡
2
√
2 ≈ 2.83, which reflects the appearance of a tachyon in the torus amplitude below this
radius. The Mo¨bius contribution is tachyon-free for all radii, while the cylinder contribution
diverges asymptotically as R approaches R∗ from above. The total cosmological constant
is essentially equal to the cylinder contribution, and is not shown.
Here T and (−1)F are the same operators as we had in the SO(16)× SO(16) case,
and γ′g = 132. As before, we can use the orbifold notation of Sect. 3.2 to represent
the action of (−1)Fγ′g on the heterotic soliton as R˜SCR(1)SC . As indicated in Fig. 4, is
precisely the ten-dimensional orbifold that yields the non-supersymmetric heterotic
SO(32) theory from the supersymmetric heterotic SO(32) theory.
The remaining calculation proceeds exactly as in the SO(16) × SO(16) case.
Specifically, the right-moving Class A and Class B sectors are identical to those in
the SO(16)×SO(16) case, and their eigenvalues under Y ′ in the present case are the
same as their eigenvalues under Y in the SO(16) × SO(16) case. Likewise, for the
left-movers, there are only minor differences in the allowed sectors and eigenvalues.
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Specifically, for the Class A sectors we find the following results:
right-movers left-movers
Ramond NS
Y ′ sector Y ′ sector Y ′ sector
+1 V8 −1 S(1)16 S(2)16 +1 I(1)16 I(2)16
−1 S8 −1 C(1)16 C(2)16 +1 V (1)16 V (2)16
(6.4)
while for the Class B sectors, we find:
right-movers left-movers
Ramond NS
Y ′ sector Y ′ sector Y ′ sector
+1 I8 +1 I
(1)
16 V
(2)
16 +1 S
(1)
16 C
(2)
16
+1 C8 +1 V
(1)
16 I
(2)
16 +1 C
(1)
16 S
(2)
16
(6.5)
Note that the Class B table is substantially simplified relative to (5.18). This simpli-
fication occurs because the requirement of SO(32) symmetry only permits ψA1−nψ
A2−n
or ψA1−rψ
A2−r moding patterns.
Following our previous rules for combining left- and right-moving sectors, we then
obtain the following soliton sectors:
Class A : V8 I
(1)
16 I
(2)
16 , V8 V
(1)
16 V
(2)
16 , S8 S
(1)
16 S
(2)
16 , S8C
(1)
16 C
(2)
16
Class B : I8 I
(1)
16 V
(2)
16 , I8 V
(1)
16 I
(2)
16 , C8 S
(1)
16 C
(2)
16 , C8C
(1)
16 S
(2)
16 . (6.6)
Once again, upon comparison with (2.14), we see that these are precisely the set of
sectors that comprise the heterotic non-supersymmetric SO(32) theory. Thus, we
have succeeded in realizing the non-supersymmetric SO(32) theory as a soliton of its
Type I dual.
6.2 The non-supersymmetric SO(8)× SO(24) theory
Until now, we have not discussed the tachyonic, non-supersymmetric heterotic
SO(8) × SO(24) theory. However, this theory is on the same footing as the other
tachyonic non-supersymmetric heterotic models (such as the non-supersymmetric
SO(32) model discussed above), and can be analyzed similarly.
For this model, we shall use a notation in which χ, χ, and χ˜ respectively represent
the characters of the right-moving SO(8) Lorentz group, the left-moving internal
SO(8) gauge group, and the left-moving internal SO(24) gauge group. In terms of
these characters, the partition function of the heterotic SO(8)× SO(24) model can
then be written as:
Z = χI (χI χ˜S + χSχ˜I) + χV (χI χ˜I + χSχ˜S)
− χS (χV χ˜V + χCχ˜C) − χC (χV χ˜C + χC χ˜V ) . (6.7)
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In addition to the gravity multiplet, the complete massless spectrum of this model
consists of the following representations of SO(8)× SO(24):
vectors : (28, 1)⊕ (1, 276)
spinors : (8V, 24)+ ⊕ (8C, 24)− . (6.8)
Once again, cancellation of the irreducible gravitational anomaly is manifest, even
without supersymmetry. In addition, this string model contains bosonic tachyons
with left- and right-moving masses M2R = M
2
L = −1/2 transforming in the (8S, 1)
representation of SO(8)× SO(24).
This model can be realized as the R˜SCR
(24)
V C orbifold of the supersymmetric SO(32)
model, where R˜ indicates the action on the right-movers (so that R˜SC = (−1)F ) and
where R(24) indicates the action on the left-moving SO(8) factors. Since this is a
ZZ2 orbifold, by our previous arguments there must exist a nine-dimensional heterotic
model that interpolates between the supersymmetric SO(32) model and the non-
supersymmetric SO(8)×SO(24) model. We shall refer to this as Model F. Following
the procedure presented in Sect. 3.4, we find that this interpolating model has the
partition function
ZF = Z
(7)
boson × { E0 [χV (χI χ˜I + χSχ˜S) − χS (χV χ˜V + χC χ˜C)]
+ E1/2 [χI (χI χ˜S + χSχ˜I) − χC (χV χ˜C + χCχ˜V )]
+ O0 [χV (χV χ˜V + χCχ˜C) − χS (χI χ˜I + χSχ˜S)]
+ O1/2 [χI (χV χ˜C + χC χ˜V ) − χC (χI χ˜S + χSχ˜I)] } .
(6.9)
It is clear from this partition function that this interpolating model is tachyon-free
for all radii R ≥ R∗ where again the critical radius is R∗ = 2√2α′. The cosmological
constant Λ˜(R) for this interpolating model is plotted in Fig. 11.
As was true for the above non-supersymmetric SO(32) case, there is only one
interpolating Type II model that connects to the Type IIB model and that breaks
supersymmetry. Therefore, the strong-coupling dual of the SO(8) × SO(24) het-
erotic interpolating model must again be realized through the same orientifold as the
SO(16)× SO(16) model, and can be realized by instead choosing the Wilson line
γ′′g =
(
18 0
0 −124
)
. (6.10)
The rest of our analysis of this Type I model then proceeds as before: for R ≥ R∗ all
tadpole divergences are cancelled, and the model is tachyon-free. As a function of the
nine-dimensional radius, its total cosmological constant receives the same contribu-
tions as for the non-supersymmetric SO(32) case: the torus and Mo¨bius contributions
are unchanged, and the cylinder contribution is reduced by a factor of four due to
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Figure 13: The non-vanishing contributions to the one-loop cosmological constant Λ˜ for the
non-supersymmetric SO(8)×SO(24) Type I interpolating model, plotted in units of 12M10,
as a function of the radius R of the compactified dimension. This Type I model reproduces
the supersymmetric SO(32) Type I string as R → ∞, and is non-supersymmetric with
gauge group SO(8) × SO(24) for R < ∞. The torus amplitude develops a divergence
below R∗/
√
α′ ≡ 2√2 ≈ 2.83, which reflects the appearance of a tachyon in the torus
amplitude below this radius. The Mo¨bius contribution is tachyon-free for all radii, while
the cylinder contribution diverges asymptotically as R approaches R∗ from above. The total
cosmological constant is essentially equal to the cylinder contribution, and is not shown.
the change in the value of (Tr γg)
2 from (32)2 to (16)2. The resulting contributions
are plotted in Fig. 13.
The analysis of the soliton also proceeds as in the SO(16) × SO(16) case. We
now project the supersymmetric SO(32) soliton by the element
Y ′′ ≡ T (−1)F γ′′g , (6.11)
which can be identified with the element R˜SCR
(24)
SC R
(24)
V S = R˜SCR
(24)
V C , just as on the
heterotic side. Performing the projection by Y ′′ then yields Class A and Class B
sectors for the soliton, just as for the SO(16)× SO(16) case. We find the following
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results. For the Class A sectors, we have
right-movers left-movers
Ramond NS
Y ′′ sector Y ′′ sector Y ′′ sector
+1 V8 +1 S8S24 +1 I8I24
−1 S8 −1 C8C24 −1 V8V24
(6.12)
while for the Class B sectors, we now have
right-movers left-movers
Ramond NS
Y ′′ sector Y ′′ sector Y ′′ sector
+1 I8 −1 I8V24 +1 S8C24
+1 C8 +1 V8I24 −1 C8S24
+1 S8I24 +1 I8S24
+1 C8V24 +1 V8C24
+1 I8C24 −1 C8I24
+1 V8S24 −1 S8V24
(6.13)
Joining these sectors together in accordance with the assumptions made for the
SO(16)× SO(16) case (and respecting the symmetry under exchange of the SO(8)
and SO(24) gauge factors), this then yields the following sectors:
Class A : V 8 I8I24 , V 8 S8S24 , S8 V8V24 , S8C8C24
Class B : I8 I8S24 , I8 S8I24 , C8 V8C24 , C8C8V24 . (6.14)
As expected, this is precisely the set of sectors that comprise the non-supersymmetric
SO(8)×SO(24) heterotic string, with the Class A sectors playing the role of the un-
twisted sectors, and the Class B sectors playing the role of the twisted sectors required
by modular invariance. Once again, we see that modular invariance has “magically”
been restored on the soliton through the action of the half-rotation operator T .
We thus conclude that this Type I theory is the dual of the non-supersymmetric
SO(8) × SO(24) interpolating theory. As in the SO(32) case, their massless states
agree exactly, and the D1-brane soliton of the Type I theory has the correct behavior.
Furthermore, the instability of the Type I theory exactly mirrors the instability of
the heterotic model.
6.3 The non-supersymmetric U(16) theory
As indicated in Fig. 1, there is one other non-supersymmetric heterotic string
model which can be realized as a ZZ2 orbifold of the supersymmetric SO(32) het-
erotic string model — this is the U(16) model. Strictly speaking, at this point we
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should distinguish between the gauge group SO(32) and Spin(32)/ZZ2, for the ZZ2 that
generates this orbifold is a ZZ2 in Spin(32)/ZZ2 but not in SO(32).
Given this ZZ2 orbifold relation, it is clear from the discussion in Sect. 3 that a
nine-dimensional heterotic string model exists which interpolates between the super-
symmetric SO(32) string and the non-supersymmetric U(16) string, and it can be
constructed in precisely the same manner as the previous interpolating models. Fur-
thermore, since Model B′ is the unique nine-dimensional non-supersymmetric Type II
model that connects to the Type IIB model as R→∞, we once again find that our
previous orientifold must again provide the strong-coupling dual for this heterotic
interpolating model. Indeed, the only subtlety here is in the choice of the Wilson
line: rather than choose any of the symmetric Wilson lines γg, we instead choose the
anti-symmetric Wilson line
γ′′′g =
(
0 −116
116 0
)
. (6.15)
This then generates a U(16) gauge symmetry, and the rest of the analysis follows as
before. The only difference in the calculation of the one-loop cosmological constant
is that the cylinder contribution cancels as for the SO(16) × SO(16) case and that
there are no open-string tachyonic divergences for R > 0. However, the Mo¨bius strip
contribution now has the opposite sign relative to the SO(16) × SO(16) case, and
therefore once again the theory is unstable.
6.4 The other non-supersymmetric ten-dimensional theories
Finally, we consider the remaining non-supersymmetric ten-dimensional theories
shown in Fig. 1, namely the SO(16)×E8, (E7 × SU(2))2, and E8 theories.
As indicated in Fig. 1, these theories can all be realized as ZZ2 orbifolds of the su-
persymmetric E8×E8 theory. Unfortunately, they cannot be realized as ZZ2 orbifolds
of the supersymmetric SO(32) theory, and consequently there do not exist nine-
dimensional interpolating models of the sort we have been considering which interpo-
late between the supersymmetric SO(32) model and any of these non-supersymmetric
models. Indeed, these models are connected to the SO(32) model only through
ZZ2×ZZ2 orbifolds, but such orbifolds cannot be “interpolated” in the manner we have
discussed here. Our reasoning is as follows. In order to achieve the SO(32) theory at
R =∞, all ZZ2 elements must be adjoined to ZZn elements for some n > 1, where these
ZZn elements are translations by 2πkR/n, where k 6= 0 (mod n). It is easy to see that
this is impossible, and thus no interpolations can be constructed. Consequently, since
we cannot connect these models smoothly to the supersymmetric SO(32) model, we
do not expect them to have Type I strong-coupling duals.
Of course, this result is precisely what we expected, for we already know that it is
impossible to realize exceptional gauge groups perturbatively via Type I Chan-Paton
factors on nine-branes. Indeed, all of these remaining non-supersymmetric string
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models have gauge groups with exceptional factors. Thus, our inability to connect
these heterotic models to the supersymmetric SO(32) heterotic model via a smooth
interpolating model can in fact be taken as further evidence for the legitimacy of our
entire approach based on such interpolations.
It is interesting, however, that these models all have ZZ2 interpolations with the
E8 × E8 model. Indeed, as shown in Fig. 5, Model D interpolates between the
SO(16) × E8 model and the E8 × E8 model. This suggests that strong-coupling
duals for these remaining non-supersymmetric heterotic theories might be realized
via deformations of M-theory.
We also note from Fig. 5 that the SO(16)×SO(16) theory is the only theory that
has ZZ2 interpolations to both the supersymmetric SO(32) theory and the E8 × E8
theory. This suggests that even though we have not succeeded in finding a dual
for the SO(16) × SO(16) theory itself (and have instead only found a dual for its
nine-dimensional interpolating Model B), there might be a deformation of M-theory
in which the analogue of the R → 0 limit can be taken. This would result in an
M-theoretic dual for the full ten-dimensional SO(16)× SO(16) theory.
Finally, we make a remark concerning the supersymmetric E8 ×E8 theory itself.
Although this theory has a known strong-coupling dual, namely M-theory, it is ev-
ident from Figs. 4 and 5 that this theory can itself be realized as a ZZ2 orbifold of
the SO(32) string. Consequently there exists a nine-dimensional interpolating model
(specifically Model A in Fig. 5) which connects the supersymmetric SO(32) theory
to the supersymmetric E8×E8 theory. This connection is not new, and is essentially
equivalent to the connection discussed in Ref. [33] which made use of background
field variations. What this connection implies, however, is that it is possible to real-
ize the strong-coupling dual of the E8 × E8 theory at R = 0 as a Type I theory (or
equivalently, the ten-dimensional E8×E8 theory as a Type I′ theory). More precisely,
just as for the SO(16)× SO(16) case, it will be possible to realize a Type I dual for
the heterotic interpolating Model A. Even more interestingly, we will also be able to
realize the E8 × E8 heterotic theory as a Type I soliton. This will be discussed in
Ref. [34].
7 Interpretation and Stability Analysis
Given the results of the prior sections, we are now in a position to address some
long-standing questions pertaining to the perturbative and non-perturbative stability
of these non-supersymmetric strings. Note that all of the duality relations we have
found apply to tachyon-free interpolating theories. This is important, since these
are the only theories for which a stability analysis is meaningful. We shall therefore
focus on our SO(16) × SO(16) interpolating model. The analysis of the previous
section makes it abundantly clear that the qualitative behavior of this case will be
quite different from the behavior of the other cases.
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7.1 Basic relations
We begin by recalling some basic facts that will be important for our analysis.
First, we define our variables: we shall denote by λ
(10)
H the heterotic ten-dimensional
dimensionless coupling, RH the radius of the heterotic compactification, λ
(10)
I the
ten-dimensional Type I dimensionless coupling, and RI the radius of the Type I
compactification. The corresponding nine-dimensional couplings are then given by
λ
(9)
I =
λ
(10)
I√
RI
, λ
(9)
H =
λ
(10)
H√
RH
. (7.1)
Note that with these conventions, the nine-dimensional couplings are dimensionful.
Let us also recall how the cosmological constants Λ are to be interpreted. In
general, these cosmological constants are simply one-loop vacuum energies or zero-
point functions, and from conformal invariance it is known that the one-loop dilaton
one-point function (or dilaton tadpole diagram) is always proportional to Λ. Thus
in non-supersymmetric theories there will generally be a non-zero dilaton potential
whose slope is given by Λ. The existence of this dilaton potential then pushes the
dilaton φ, and with it the corresponding coupling λ ∼ eφ, in a direction determined
by the sign of Λ. With our present sign conventions in which fermionic string states
contribute positively to Λ, we have that
Λ > 0 =⇒ flow to weak coupling λ
Λ < 0 =⇒ flow to strong coupling λ . (7.2)
This qualitative result holds both on the Type I and heterotic sides, and well as for
cosmological constants and couplings in arbitrary dimensions D. These results are
consistent with the interpretations in Ref. [35]. Likewise, we can also easily interpret
the function Λ(R) and its effect on the radius R, for in this case Λ(R) itself serves
as the potential that pushes the radius R towards different values. Thus, in analogy
with (7.2), we find that
∂Λ/∂R > 0 =⇒ flow to small radius R
∂Λ/∂R < 0 =⇒ flow to large radius R . (7.3)
Next, let us recall the standard predictions of strong/weak coupling duality in
the supersymmetric SO(32) case. In the uncompactified limit, we have the pure
ten-dimensional heterotic/Type I relation
RI = RH =∞ : λ(10)H =
1
λ
(10)
I
. (7.4)
If we compactify both sides on circles of radii RH and RI respectively, this then
implies the relations
RH =
RI√
λ
(10)
I
, RI =
RH√
λ
(10)
H
. (7.5)
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Using (7.1) to express these results in terms of the nine-dimensional couplings λ
(9)
I,H ,
we then find
λ
(9)
I =
1
[λ
(10)
H ]
3/4R
1/2
H
, λ
(9)
H =
1
[λ
(10)
I ]
3/4R
1/2
I
. (7.6)
Finally, we also recall that T -duality takes R→ R′ = 1/R while preserving λ(9). This
implies that (λ(10))′ =
√
α′λ(10)/R or equivalently λ(10) =
√
α′(λ(10))′/R′.
Given these relations, our first task is to consider what sorts of relations we expect
to have for our non-supersymmetric SO(16)×SO(16) case in which the supersymmet-
ric ten-dimensional heterotic and Type I SO(32) theories are compactified on a circle
with a twist in such a way that supersymmetry is broken. It is here that the power
of our continuous interpolations becomes evident. In particular, note that as long as
RI > R
∗ ≡ 2√2α′, there are no discontinuities in passing from our nine-dimensional
non-supersymmetric theories to the limiting supersymmetric ten-dimensional theo-
ries. Indeed, supersymmetry is restored in a smooth fashion as a function of the
radius R, with no discrete changes or phase transitions. This then implies that (7.4)
should hold as R → ∞, even in our generally non-supersymmetric case, and this
in turn implies that the nine-dimensional relations (7.5) and (7.6) should hold as
well. We emphasize again that it is only the power of our approach based on smooth
interpolations that enables us to show that such relations continue to be valid.
Given these results, we can then examine the physics in different situations by
appropriately choosing the initial values of a primary set of chosen parameters, such
as λ
(10)
H and RH . As is evident from the above discussion, we shall also need to
distinguish two phases of our Type I theory depending on whether RI > R
∗ or
RI < R
∗. Note that it is the Type I radius that is crucial since it is this radius that
governs whether tachyons develop and/or extra massless states appear. We shall
denote the RI > R
∗ case as “Phase I”, and denote the case with RI < R∗ as “Phase
II”. Thus Phase I is tachyon-free, Phase II is generally tachyonic, and extra massless
states appear on the boundary between the two where the phase transition occurs.
Note that in terms of our fundamental heterotic parameters (λ
(10)
H , RH), the con-
dition RI > R
∗ is equivalent to
Phase I : λ
(10)
H <
R2H
(R∗)2
, λ
(9)
H <
R
3/2
H
(R∗)2
. (7.7)
The fact that λ
(10)
H and λ
(9)
H are bounded only from above implies that our tachyon-free
Phase I is compatible with weak heterotic coupling. Likewise, using heterotic/Type I
duality, we find that
λ
(9)
I >
(R∗)2
R
5/2
H
. (7.8)
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7.2 Analysis for Phase I: RI > R
∗
Case I: Perturbative on heterotic side
Let us begin our analysis of the SO(16)× SO(16) string by focusing on the case
in which the heterotic side is perturbative. This can be arranged by taking λ
(10)
H
sufficiently small relative to RH , so that λ
(9)
H is perturbative. In such situations, we
can trust our perturbative calculation of the one-loop cosmological constant Λ
(9)
H (R),
a plot of which is shown in Fig. 7. From this result, it is immediately apparent that
for all RH > 0, the theory flows to weak coupling and large radius. We thus conclude
that in this case, the theory flows to the supersymmetric SO(32) heterotic string.
There are a number of subtleties which should be discussed in deriving this re-
sult. First, the radius RH is not the only modulus on the heterotic side, and one
might question whether there exist other moduli whose flows might alter this result.
Indeed, in nine dimensions there are a total of 17 moduli: one is the radius RH whose
variations we have been discussing, and the other 16 are the Narain compactifica-
tion moduli which can be interpreted as the expectation values of the 16 U(1) gauge
symmetries of the original SO(32). The crucial point, however, is that flows along
any of these other 16 directions will break our SO(16)× SO(16) gauge group. Since
we know that SO(16) × SO(16) is the unique gauge group for which a consistent
tachyon-free theory exists, any flows in these other 16 directions will necessarily in-
troduce tachyons and completely destabilize the theory. At the very least, this would
lead to a phase transition and drastically change the nature of the theory. Of course,
such a possibility is always a generic risk when dealing with arbitrary flows in the
moduli space of non-supersymmetric string models. Thus, in our subsequent analysis
we shall not address this possibility, but we must be aware that it exists.
The second subtlety concerns the actual R =∞ limit. As discussed in Refs. [36,
18], at this limiting point one actually must perform a volume-dependent rescaling
of the spacetime metric in order to ensure that the gravitational term remains in
canonical form. This has the potential to alter the direction of flow at this limiting
point, so that at R = ∞ the attractive force pulling the theory to R = ∞ might
discontinuously become a repulsive force pushing the theory away from R =∞. The
general result of such an analysis is as follows [36]. First, we define the quantity Λ˜(R)
as in (4.37), so that Λ˜ has no radius dependence in the R→∞ limit and approaches
a constant. We then define
W ≡ Λ˜R−2/(D−2) = Λ˜R−2/7 . (7.9)
The general result is then that
lim
R→∞
(
∂W
∂R
)
< 0 =⇒ attracts to R =∞
lim
R→∞
(
∂W
∂R
)
> 0 =⇒ repels from R =∞ . (7.10)
68
In our nine-dimensional case, we see thatW ∼ R−2/7. Thus the flow towards RH =∞
is preserved all the way up to and including the RH =∞ limit.
Finally, we may ask what happens at RH = 0. Na¨ıvely, the plot in in Fig. 7 would
seem to suggest that at this point the theory flows to weak coupling, but is otherwise
stable at RH = 0. In actuality, however, this limit is a good deal more subtle, and
will be discussed below.
Note that, as expected, none of the results in this case depended in any way on
the existence of our heterotic/Type I duality. However, they depend crucially on the
existence of our nine-dimensional interpolating models. Such interpolations enable
these flows to be discussed in terms of of a single parameter R whose variations neither
alter the gauge group (except at R = ∞) nor introduce tachyons, but nevertheless
break supersymmetry.
Case II: Perturbative on Type I side
We now address the opposite extreme of Phase I, namely the case when our
theory is perturbative on the Type I side. This situation can be realized in terms
of the heterotic parameters (λ
(10)
H , RH) as follows. First, we choose an initial, large,
fixed value of λ
(10)
H which, because we are in Phase I, must be consistent with (7.7).
This can always be arranged. Then, we simply choose RH sufficiently large that the
lower bound in (7.8) is sufficiently small. Thus λ
(9)
I can be perturbative, even within
Phase I.
The perturbativity of the Type I theory implies that our calculation of the Type I
cosmological constant can be trusted. The results of this calculation are shown in
Fig. 10; note that because we are in Phase I, with RI > R
∗, the total cosmological
constant is finite and positive. Our analysis is then precisely as for the above per-
turbative heterotic case, and we conclude that our SO(16)× SO(16) Type I theory
flows to the supersymmetric SO(32) Type I theory.
We also remark that the Type I soliton plays little role in this analysis. This is,
of course, to be expected. Recall that the mass of the soliton goes as
Msoliton ∼ TF RI
λ
(10)
I
where TF ≡ 1
2πα′
. (7.11)
Thus, since λ
(10)
I is small in Case II of Phase I, and since in this limit we find that
RI →∞, the soliton is always heavy and in fact becomes unstable. Thus we do not
expect this soliton to have any effect on the analysis.
Thus, we conclude that within Phase I, we have good evidence that our non-
supersymmetric interpolating heterotic and Type I models are dual to each other.
Indeed, even though we have only considered the cases in which either the heterotic or
Type I theories are perturbative, the absence of phase transitions or discontinuities
in Phase I suggests that this result persists even to other intermediate ranges for
the heterotic and Type I couplings. We therefore conclude that throughout Phase I,
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our heterotic SO(16) × SO(16) interpolating model flows to the ten-dimensional
supersymmetric SO(32) theory.
7.3 Conjecture for Phase II: RI < R
∗
Let us now turn to Phase II. In terms of our fundamental heterotic parameters
(λ
(10)
H , RH), this is the region for which
Phase II : λ
(10)
H >
R2H
(R∗)2
, λ
(9)
H >
R
3/2
H
(R∗)2
. (7.12)
Unlike the analogous Phase I constraints (7.12), these constraints show that Phase II
is generally not compatible with weak heterotic coupling except at very small radii
RH .
The fact that this phase corresponds on the Type I side to the tachyonic range
RI < R
∗ suggests that the dual theory in this range, if one exists, is not likely to
be the Type I theory we have constructed. This is not entirely unexpected, since we
have already seen that there is a phase transition in our Type I theory at RI = R
∗.
This phase transition is evidenced by the fact that the Type I one-loop cosmological
constant has a discontinuity at this radius due to the sudden appearance of tachyons.
The question that we must address, then, is the nature of a possible dual theory
in this range. One natural possibility, of course, is M-theory. Recall that M-theory
may be defined as the eleven-dimensional theory whose compactification on a line
segment of length ρ gives the E8 ×E8 string. If we further compactify this string on
a circle of radius RH , then ρ in M-theory units is given as
ρ =

λ(10)H
RH


2/3
. (7.13)
Using the Phase II constraints (7.12), we then find the bound
ρ >
[λ
(10)
H ]
1/3
(R∗)2/3
. (7.14)
Thus we see that ρ is bounded from below, and can easily be large. Phase II is thus
the region in which we expect an M-theory description to be valid.
If we expect to realize a non-supersymmetric dual via M-theory, the next step is
to find solutions of M-theory in nine dimensions for which supersymmetry is broken.
This issue has been studied in Ref. [37], and the low-energy analysis seems to indicate
that there are no stable solutions of M-theory on a line segment which break spacetime
supersymmetry in nine dimensions.
We therefore face two possibilities. The first possibility is that enough addi-
tional spacetime dimensions of the theory are compactified so that a stable non-
supersymmetric solution of M-theory on a line segment is achieved. This would seem
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to require at least three additional compactified dimensions, leading to a theory in
D ≤ 6. This is an attractive possibility, and might be especially relevant for lower-
dimensional non-supersymmetric theories and their strong-coupling duals.
The second possibility would be to remain in D = 9 and D = 10. However,
from the above arguments, we know that the theory will be forced to flow to a
supersymmetric point. There are, of course, only two possible supersymmetric points
to which the theory in Phase II could flow: the heterotic SO(32) theory, or the
E8×E8 theory. We believe that E8×E8 is the more natural candidate, and can offer
several arguments in its favor.
First, we know that the Phase I theory already flows to the SO(32) theory. It
seems implausible that despite a discontinuous phase transition, both phases of the
theory could behave similarly. We therefore believe that the behavior in Phase II
should be fundamentally different from that in Phase I.
Second, we know that it is sensible, at least perturbatively, that the SO(16) ×
SO(16) theory could flow to the supersymmetric E8×E8 theory. Indeed, this behavior
is already exhibited in the heterotic interpolating Model C (as sketched in Fig. 5).
It is not unreasonable to expect that this perturbative behavior might have a non-
perturbative realization as well.
Our third argument, however, is perhaps the most compelling. Let us consider our
SO(16)× SO(16) soliton at weak coupling λ(10)I . (This region is roughly equivalent
to large λ
(10)
H , even though we do not expect our duality mappings to hold here.)
As we shall now argue, in this region the soliton has the massless worldsheet fields
of the supersymmetric E8 × E8 heterotic string. Thus, we expect the fundamental
SO(16) × SO(16) string at strong coupling to behave as a fundamental E8 × E8
heterotic string.
In order to see this behavior of the D-string soliton, let us first recall how our
soliton was derived in Sect. 5. In Sect. 5, we found that our soliton was comprised
of a number of right-moving and left-moving sectors which in turn arose in two
categories that we called Class A and Class B. These sectors were listed in (5.17)
and (5.18). In order to construct the full soliton theory, our procedure for joining
these separate sectors involved a set of assumptions which were discussed in Sect. 5.
Among these were two critical assumptions: we did not permit Class A and Class B
sectors to mix, and we permitted left- and right-moving sectors to combine and
survive the Y projection as long as they together had a combined Y eigenvalue +1.
The first of these assumptions is essentially a selection rule, and the second was
implemented to reflect the interactions that we expected to occur between left- and
right-moving sectors at strong coupling. At weak (or zero) coupling, however, both
of these should assumptions no longer apply. Specifically, we should no longer impose
a selection rule between Class A and Class B sectors, and likewise we should impose
a more stringent Y-projection that forces each sector, whether left-moving or right-
moving, to individually have the Y-eigenvalue +1. If we make these new weak-
coupling assumptions, then our Class A and Class B tables collapse into the single
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table
right-movers left-movers
Ramond NS
Y sector Y sector Y sector
+1 V8 +1 S
(1)
16 S
(2)
16 +1 I
(1)
16 I
(2)
16
+1 I8 +1 V
(1)
16 I
(2)
16 +1 S
(1)
16 C
(2)
16
+1 C8 +1 I
(1)
16 S
(2)
16 +1 S
(1)
16 I
(2)
16
+1 V
(1)
16 C
(2)
16 +1 C
(1)
16 V
(2)
16
+1 I
(1)
16 C
(2)
16
+1 V
(1)
16 S
(2)
16
(7.15)
and we find (after imposing our remaining constraints) that the only surviving sector
combinations are:
V8 I
(1)
16 I
(2)
16 , V8 S
(1)
16 S
(2)
16 , V8 S
(1)
16 I
(2)
16 , V8 I
(1)
16 S
(2)
16 ,
C8 I
(1)
16 I
(2)
16 , C8 S
(1)
16 S
(2)
16 , C8 S
(1)
16 I
(2)
16 , C8 I
(1)
16 S
(2)
16 ,
I8 V
(1)
16 C
(2)
16 , I8C
(1)
16 V
(2)
16 . (7.16)
Remarkably, the first two lines are precisely the set of sectors that comprise the
supersymmetric E8×E8 heterotic string. Moreover, the extra sectors in the last line
are purely massive, and since they have left- and right-moving momentum modings
m′ = m/2 = 1/2, we see from (5.9) that their total momenta grow as 1/(2RI). Thus
as RI → 0, these sectors become infinitely massive and completely decouple, leaving
us with a soliton whose massless states are those of heterotic E8×E8 string. Indeed,
the SO(16) × SO(16) theory is the only non-supersymmetric theory whose soliton
behaves this way when these assumptions are so modified.
Putting all of this together, we therefore make the conjecture that in Phase II,
our SO(16)× SO(16) theory flows to the strongly coupled E8 ×E8 theory.
7.4 Conjecture for the boundary between Phase I and Phase II: RI = R
∗
Finally, we make two brief comments concerning the boundary between Phase I
and Phase II. In terms of our heterotic variables, this boundary line corresponds to
boundary : λ
(10)
H =
R2H
(R∗)2
. (7.17)
In order to analyze this boundary line “perturbatively”, we choose to examine
the region on the boundary where λ
(10)
H and RH are both small. This means that
we should really be using the T -dual coupling λ′H ≡
√
α′λ(10)H /RH , in terms of which
(7.17) becomes
λ′H =
√
α′RH
(R∗)2
. (7.18)
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Thus, if we now examine the RH = 0 limit (which corresponds to the actual ten-
dimensional SO(16)× SO(16) string), we learn that any non-zero coupling λ′H will
push the theory into Phase II. Thus, our first conclusion is that the ten-dimensional
SO(16) × SO(16) string is likely to behave as an E8 × E8 string for any non-zero
coupling.
Our second comment concerns the stability of the boundary between the two
phases. At RH = 0 (or sufficiently close to RH = 0), the analysis of Ref. [36] can
be used to show that there is a repulsive “force” which prevents falling into Phase I.
Although this result is derived only for the boundary line sufficiently near RH = 0, we
expect that this result can be extended by continuity arguments to cover the entire
boundary line. We therefore expect that the entire boundary line is stable against
passing into Phase I.
8 Conclusions and Discussion
In this paper, we have undertaken an analysis of the extent to which strong/weak
coupling duality can be extended to non-supersymmetric strings. We focused pri-
marily on the tachyon-free SO(16) × SO(16) string, but also considered a variety
of other non-supersymmetric tachyonic heterotic strings in ten dimensions. Using
an approach involving interpolating models, we were able to continuously connect
these heterotic non-supersymmetric models to the heterotic supersymmetric SO(32)
model for which a strong coupling dual is known. In this way we were then able
to generate a set of non-supersymmetric Type I models which are dual to the het-
erotic interpolating models. Specifically, in each case (and in the tachyon-free range
R > R∗ ≡ 2√2α′), we found that the massless spectra agreed exactly, and that
the D1-brane soliton of the Type I theory could be understood as the correspond-
ing heterotic theory. This latter observation followed as a result of a novel method
that we developed for analyzing the solitons of non-supersymmetric Type I theories.
As far as we are aware, our results imply the first known duality relations between
non-supersymmetric tachyon-free theories.
The existence of these non-supersymmetric duality relations then enabled us to
examine the perturbative and non-perturbative stability of the non-supersymmetric
SO(16)×SO(16) string, and our results can be summarized in Fig. 14. We found that
this theory naturally has two distinct phases depending on the relative value of its ten-
dimensional coupling λ
(10)
H and its radius RH of compactification. If λ
(10)
H < R
2
H/(R
∗)2,
our theory is completely tachyon-free, and is expected to flow to the ten-dimensional
weakly coupled SO(32) theory. By contrast, if λ
(10)
H > R
2
H/(R
∗)2, the theory is
expected to flow to the ten-dimensional strongly coupled E8×E8 string. This includes
the RH = 0 limiting point which should correspond to the pure, ten-dimensional
SO(16)× SO(16) string.
Our results raise a number of interesting questions which will hopefully be ad-
dressed in the future.
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Figure 14: The proposed phase diagram for the SO(16)×SO(16) interpolating model. For
λ
(10)
H < R
2
H/(R
∗)2, the theory is in Phase I and flows to the ten-dimensional weakly coupled
heterotic supersymmetric SO(32) theory. For λ
(10)
H > R
2
H/(R
∗)2, by contrast, the theory is
expected to flow to the ten-dimensional strongly coupled supersymmetric E8 × E8 string.
On the boundary, the theory is stable against passing into Phase I. The dotted lines are
contours of constant T -dual coupling λ′H ≡
√
α′λ(10)H /RH .
Perhaps the most obvious question concerns the situation in lower dimensions.
This question clearly has important theoretical and phenomenological ramifica-
tions. It may seem somewhat disappointing that the ten- and nine-dimensional
SO(16)×SO(16) theories apparently flow to new theories for which supersymmetry is
restored. Might there exist stable non-supersymmetric theories in lower dimensions?
Our methods can undoubtedly be generalized to lower dimensions, and one would
expect the phase structure to be much richer. Indeed, there are certainly many more
non-supersymmetric tachyon-free theories in lower dimensions than there are in ten
dimensions [32], and hence there are many more candidates.
In fact, one might imagine the following situation. If we assume that the space
of supersymmetric string theories in a given dimension forms a closed submanifold
within the larger manifold of all self-consistent theories (both supersymmetric and
non-supersymmetric), then perhaps this larger manifold consists of subregions with
boundaries such that each subregion has an intersection with the submanifold of
supersymmetric theories. We can then imagine that whatever strong/weak coupling
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Phase IV
Phase IIIPhase II
Figure 15: A proposed generalization of Fig. 14 for string theories in lower dimensions.
We show four distinct phases, with the dark line indicating a submanifold of supersym-
metric theories. This supersymmetric submanifold runs through the larger manifold like a
spine. Within each phase, we conjecture that strong/weak coupling duality can be ex-
tended from the supersymmetric spine throughout that phase. The dots indicate the
intersections of boundaries between phases, and are conjectured to correspond to stable
non-supersymmetric string theories.
duality relation is valid on the manifold of supersymmetric theories within a given
subregion can be extended throughout the entire subregion. This situation is sketched
in Fig. 15.
In many ways, Fig. 15 can be viewed as a natural generalization of Fig. 14 in
that it generalizes the situation that we found in the case of our nine-dimensional
interpolating models. Fig. 14 shows, in some sense, a section of the large manifold
of self-consistent nine-dimensional theories, and the submanifold of supersymmetric
theories corresponds to the top and right axes of Fig. 14. The right axis, clearly, corre-
sponds to the supersymmetric SO(32) theory, and the top axis, because of the infinite
coupling and our above conjectures, essentially corresponds to the supersymmetric
E8 × E8 theory. Fig. 14 indicates how the supersymmetric strong/weak coupling
duality relations are extended to the interior of the diagram: points in Phase I flow
to the right axis, and points in Phase II flow to the top axis.
Note that there is a critical point at the lower left corner of Fig. 14, corresponding
to the ten-dimensional SO(16)× SO(16) theory at zero coupling. This theory is, of
course, completely stable, for it has no interactions and hence no dynamics. In some
sense, this stability arises because this point sits on the intersection of boundaries
between the two subregions of the theory. It is then natural to imagine that even in
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lower dimensions, as sketched in Fig. 15, there will be similar manifolds of stable non-
supersymmetric tachyon-free theories which are on the intersections of boundaries
of the different subregions. Note that while some subregions are expected to have
string-theoretic duals, other subregions will have duals that are better described via
M-theory.
Another natural question raised by our results concerns whether additional evi-
dence for these non-supersymmetric dualities can be found. In supersymmetric theo-
ries, BPS states can be used to provide evidence for duality. Do (stable) tachyon-free
string theories contain analogues of BPS states which might be used for the same pur-
pose? In this connection, the notion of “misaligned supersymmetry” [5] might play
a crucial role. Indeed, even though these string theories are non-supersymmetric, we
have seen in (2.12) that many remarkable constraints continue to govern the resulting
string spectrum. It is natural to conjecture that misaligned supersymmetry might
be sufficiently powerful to guarantee the BPS-like stability of certain states in the
spectra of stable, non-supersymmetric tachyon-free strings.
But perhaps most of all, our results demonstrate that the entire notion of duality
may not be as directly tied to supersymmetry as has been thought. This suggests
that a reformulation of the ideas and methodologies of strong/weak coupling duality
in string theory might be in order.
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Appendix A
In this Appendix, we give the explicit free-fermionic realizations of the models we
have considered in this paper.
A.1 Ten-Dimensional Models
In ten dimensions, are concerned with five different heterotic models: the
supersymmetric SO(32) and E8 × E8 models, the non-supersymmetric tachyon-
free SO(16) × SO(16) model, and the non-supersymmetric tachyonic SO(32) and
SO(16)×E8 models. Using the complex-fermion notation of Ref. [26], these models
can be realized as follows. If we begin with the single fermionic boundary condition
vector
V0 = [ (
1
2
)4 | (1
2
)16 ] , (A.1)
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we obtain the non-supersymmetric SO(32) string model. If we now introduce the
additional boundary condition vector
V1 = [ (0)
4 | (1
2
)16 ] , (A.2)
we obtain the supersymmetric SO(32) model. In order to produce the remaining
models, we introduce a twist corresponding to the additional boundary condition
vector
V2 = [ (0)
4 | (1
2
)8 (0)8 ] . (A.3)
It then turns out that we can obtain the E8 × E8 and SO(16) × SO(16) models
depending on our choice of the corresponding GSO phase. In the free-fermionic
notation, such phase choices are given by specifying the values of the independent
parameters k20 and k21. These two parameters reflect the chosen phases of the sectors
corresponding to V2 relative to those corresponding to V0 and V1 respectively. If
k20 = k21, the resulting model preserves supersymmetry; if k20 6= k21, supersymmetry
is broken. We then find that
k20 = k21 =⇒ produces E8 × E8 model
k20 6= k21 =⇒ produces SO(16)× SO(16) model . (A.4)
The fact that these two models differ merely by a phase in a GSO projection means
that the states which are projected out of the spectrum in order to produce the
E8 ×E8 model are kept in the SO(16)× SO(16) model, and vice versa. Finally, the
non-supersymmetric SO(16)×E8 model can be obtained by deleting V1 from the set
of boundary condition vectors. It should be noted that other non-supersymmetric
tachyonic heterotic string models can be obtained by adding additional boundary
condition vectors to the above list, but these will not be necessary for our purposes.
In general, any two models related through a ZZ2 orbifold can be realized in the
free-fermionic construction as above through the relative addition or subtraction of
a single boundary-condition vector. For example, since deleting the vector V1 from
the supersymmetric SO(32) model produces the non-supersymmetric SO(32) model,
these two models are related by a ZZ2 orbifold. Thus, simply by examining the above
realizations of our ten-dimensional models, we can immediately deduce the pattern
of ZZ2 orbifold relations indicated in Fig. 4. There is, however, one subtlety, for it
would not be immediately apparent from the above fermionic realizations that the
SO(16)×SO(16) string can be realized as an orbifold of the E8×E8 string. However,
this orbifold relation does in fact exist, and follows from an alternative fermionic
realization of the non-supersymmetric SO(16)×SO(16) model which starts from the
above realization of the E8×E8 model, but which then adds the boundary-condition
vector
V3 = [ (0)
4 | (1
2
)4 (0)4 (1
2
)4 (0)4 ] (A.5)
with corresponding phases k30 6= k31.
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We now give the free-fermionic realizations of the ten-dimensional Type II models.
These models can all be realized in the free-fermionic construction through the set
of basis vectors:
V0 = [ (
1
2
)4 | (1
2
)4 ]
V1 = [ (
1
2
)4 | (0)4 ] . (A.6)
If we take k00 = 1/2, we obtain the Type IIA model, whereas if we take k00 = 0, we
obtain the Type IIB model. By contrast, if we delete the vector V1, we then obtain
the non-supersymmetric models: with k00 = 1/2 we obtain the Type 0A model, and
with k00 = 0 we obtain the Type 0B model.
A.2 Nine-Dimensional Models
We now give the explicit free-fermionic construction of the nine-dimensional in-
terpolating models presented in Sect. 3.5. As we discussed in Sect. 3.1, the free-
fermionic construction will yield nine-dimensional models formulated at the specific
radius R =
√
2α′. However, using (3.11) in reverse, it is then a simple matter to ex-
trapolate these models to arbitrary radius. Such radius extrapolations do not affect
the self-consistency of these models. It will therefore be sufficient to construct these
models at the specific radius R =
√
2α′.
To do this, we employ the free-fermionic construction as follows. First, we intro-
duce the following generic set of fermionic boundary condition vectors:
V0 = [ (
1
2
)4 (1
2
) | (1
2
)16 (1
2
) ] ,
V1 = [ (0)
4 (1
2
) | (1
2
)16 (1
2
) ] ,
V2 = [ (0)
4 (0) | (1
2
)16 (0) ] . (A.7)
Corresponding to these vectors, there then exist three independent relative GSO pro-
jection phases which may be chosen. In the free-fermionic notation of Ref. [26], these
three phases are given by specifying the values of the three parameters {k10, k20, k21}.
Since each of these parameters can take two possible values (either 0 or 1
2
, corre-
sponding to plus or minus signs in the corresponding GSO projections), this a priori
leads to eight possible models. However, there is a great redundancy, and indeed we
find that there are only two distinct models (modulo the duality under which the
limiting a → ∞ and a → 0 endpoints are exchanged). In general, supersymmetry
is preserved if k20 = k21, and broken otherwise. For k20 = k21 we obtain the trivial
untwisted compactification of the SO(32) string model, while for k20 6= k21 we ob-
tain Model A which interpolates between the ten-dimensional supersymmetric and
non-supersymmetric SO(32) string models.
In order to obtain the additional interpolating models, we now introduce the
additional boundary-condition vector
V3 = [ (0)
4 (0) | (1
2
)8 (0)8 (0) ] . (A.8)
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Taken together with the previous vectors, this now leaves us with six independent
relative GSO projection phases {k10, k20, k21, k30, k31, k32} which may be chosen. In
general, supersymmetry is preserved if k20 = k21 and k30 = k31, and broken if either of
these two conditions is not met. After taking into account various redundancies, this
leaves us with six distinct models. The following restrictions on the allowed values
of these six parameters will then suffice to specify our string models:
{k20 = k21, k30 6= k31, k30 = k32} =⇒ Model B
{k20 6= k21, k30 = k32} =⇒ Model D
{k20 = k21, k30 = k31, k30 6= k32} =⇒ Model E
{k20 6= k21, k30 6= k32} =⇒ Model G
{k20 = k21, k30 = k31, k30 = k32} =⇒ Model X
{k20 = k21, k30 6= k31, k30 6= k32} =⇒ Model Y . (A.9)
Model B is the nine-dimensional model of Sect. 3.5 which interpolates between the
supersymmetric SO(32) model and the non-supersymmetric SO(16)×SO(16) model,
while Model D likewise interpolates between the E8×E8 model and the SO(16)×E8
model. These models therefore succeed in interpolating between supersymmetric
and non-supersymmetric ten-dimensional models. By contrast, Model E interpo-
lates between the ten-dimensional supersymmetric SO(32) and E8 × E8 models,
while Model G interpolates between the non-supersymmetric SO(16)× SO(16) and
SO(16)× E8 models. Similarly, Models X and Y are trivial untwisted compactifica-
tions of the E8 × E8 and SO(16)× SO(16) strings respectively.
Note that for each of these models, there exists a “dual” model which exchanges
the role of radius with inverse radius. Thus, in the dual model, the limiting ten-
dimensional models are exchanged. Within the free-fermionic construction, there are
two ways of obtaining the dual of a given model. The first is merely to flip the value
of k10 from 0 to
1
2
or vice versa. The second is to simultaneously flip the values of
all of the other independent parameters {k20, k21} or {k20, k21, k30, k31, k32}. This has
the effect of exchanging a↔ 1/(2a), which is equivalent to exchanging E1/2 ↔ O0.
Finally, we give the free-fermionic construction of the remaining Model C which
interpolates between the supersymmetric E8×E8 model and the non-supersymmetric
SO(16)×SO(16) model. This model can be realized through the introduction of the
additional boundary-condition vector
V4 = [ (0)
4 (0) | (1
2
)4 (0)4 (1
2
)4 (0)4 (0) ] . (A.10)
We then take the GSO projection phase k31 = 1/2, setting kij = 0 for all other cases
with i > j.
We now present our interpolating Type II models. We follow the same procedure
as for the heterotic models, and compactify these ten-dimensional Type II models on
circles of arbitrary radii. At the fermionic radius a = 1/
√
2, the resulting models can
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be realized via the nine-dimension free-fermionic construction as follows. We begin
with the set of basis vectors:
V0 = [ (
1
2
)4 (1
2
) | (1
2
)4 (1
2
) ]
V1 = [ (
1
2
)4 (1
2
) | (0)4 (1
2
) ]
V2 = [ (
1
2
)4 (0) | (0)4 (0) ] . (A.11)
We then have four independent GSO-projection phases {k00, k10, k20, k21} that must
be specified. Generally, N = 2 supersymmetry is preserved if k20 = k21 and com-
pletely broken to N = 0 otherwise. We then find that there exist four physically
distinct nine-dimensional Type II models, as follows:
{k20 6= k21, k00 + k10 + k20 6∈ ZZ} =⇒ Model A′
{k20 6= k21, k00 + k10 + k20 ∈ ZZ} =⇒ Model B′
{k20 = k21, k00 + k10 + k20 ∈ ZZ} =⇒ Model C′
{k20 = k21, k00 + k10 + k20 6∈ ZZ} =⇒ Model D′ . (A.12)
It turns out that Models C′ and D′ are trivial untwisted compactifications of the
Type IIB and Type IIA models respectively. They therefore interpolate between the
Type IIA and IIB theories in opposite directions (i.e., Models C′ and D′ are T -duals
of each other, with both collected together as the single Model C′ in Fig. 8). By
contrast, Models A′ and B′ are non-supersymmetric for general values of the radius,
and interpolate between the four ten-dimensional models as indicated in Fig. 8. In
each case, the a↔ 1/(2a) dual of a given model can be realized by flipping the values
of k00 and k10 from 0 to 1/2 and vice versa.
Finally, we conclude with a brief comment concerning our heterotic Model C. In
Ref. [17], a heterotic nine-dimensional string model was constructed which is claimed
to interpolate between the ten-dimensional E8 ×E8 and SO(16)× SO(16) heterotic
models. The authors provide the following partition function∗ as corresponding to
their model:
Z = Z
(7)
boson × { E0 [χS (χ2I + χ2S) − χV (2χIχS)]
+ E1/2 [χI (2χV χS) − χS (χ2V + χ2S)]
+ O0 [χS (2χIχS) − χV (χ2I + χ2S)]
+ O1/2 [χI (χ2V + χ2S) − χS (2χV χS)] } . (A.13)
This expression is indeed modular-invariant, and in the limit a→ 0, this does repro-
duce the E8 × E8 partition function. However, in the limit a → ∞, this does not
∗ In writing this partition function, we do not distinguish between χS and χC , nor between
χS and χC , since the original authors of Ref. [17] have not done so. We also have corrected a
typographical error on the final line of Eq. (13) of Ref. [17]: as is necessary for modular invariance,
the first term on this line should be ϑ84 rather than ϑ
8
2.
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yield the partition function of the SO(16)×SO(16) model. Indeed, this limit results
in an expression which is not a valid partition function.
It is not difficult to show that the function (A.13) cannot correspond to a valid,
self-consistent string model. First, we observe that it violates spin-statistics: terms
proportional to χS (which come from spacetime fermionic sectors) should always
appear in the partition function with minus signs, and terms proportional to χI
and χV (spacetime bosonic sectors) should always appear with plus signs. This is
not the case for (A.13), in which mixed signs appear. Second, we also observe that
this expression is inconsistent with the presence of gravitons. We know that the
graviton state, with structure ψµ−1/2|0〉R ⊗ Xν−1|0〉L, must always appear in a sector
corresponding to a term of the form χV χ
2
I . However, for general radius, such a term
can contain massless states only if it arises in the E0 sector. Unfortunately, no such
term E0χV χ2I arises in (A.13), which signals an inconsistency in this expression. For
these two reasons, we doubt the validity of the expression (A.13) as the partition
function of a self-consistent string model.
Although the expression (A.13) is clearly invalid as a partition function, this does
not necessarily imply that the model constructed in Ref. [17] is invalid. It may simply
be that the expression (A.13) does not, in fact, correspond to the model claimed. In
any case, our orbifold and free-fermionic constructions of Model C, along with the
correct partition function given in (3.22), explicitly demonstrate the existence of a
nine-dimensional string model with the desired interpolating properties. Moreover,
our general construction procedure demonstrates that in fact a variety of such models
exist, as shown in Fig. 5, illustrating that such interpolating models are a completely
general feature.
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